
Bloch’s theorem

if V(r) is a periodic potential (for example the potential 
generated by ions in a crystal), the solutions of the single 
particle Schrödinger equation:  

− !
2

2m
∇2ψ i +V (r)ψ i = Eiψ

have the form:

ψ nk (r) = unk (r)e
ikir

where unk(r) have the periodicity of the crystal lattice

Bloch function

is called crystal momentum of the electron!k
The set of energies En(k) represents the bandstructure



Born-von Karman boundary condition

If we add the periodicity condition: 

ψ (r + Niai ) =ψ (r)
then the k vectors allowed in a Bloch function are

k = mi

Nii=1

3

∑ bi     mi   integer

You can imagine a real solid as composed by Nx*Ny*Nz 
replica of a primitive cell. At the end of the solid we impose 
the Born-Von Karman condition.



!k is not the momentum of the electron!

Bloch functions, in general, are not eigenfunction of the 
momentum operator. However, since we can write any Bloch 
function       as a sum of plane waves of vectors k+G (for all 
the G in the reciprocal lattice), the expectation value of the 
momentum operator for a Bloch wave can assume only the 
values:

from the expectation value of the momentum operator for a 
Bloch function we can obtain the group velocity

v(k) = ψ k
p
m
ψ k = 1

!
dE(k)
dk

!k + ! cG
2
G

G
∑

ψ k

The crystal momentum



if an electron with crystal momentum k adsorbs a phonon with 
momentum q, the electron will be scattered to the crystal 
momentum k+q=k’+G

If an electric field F is applied to an electron with crystal 
momentum k, the crystal momentum will vary according to 
(we consider a 1D case):

d(!k)
dt

= −eF

To understand this we can apply the time evolution operator to 
an electron prepared in the initial state ψ k0

The crystal momentum
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The crystal momentum and external fields



defining:

k(t) = − 1
!
eFt + k0

we have:

that is the definition of a Bloch state

ψ (x + a,t) = eik (t )aψ (x,t)

we can introduce the “effective mass” 
1
m*

= 1
!2
d 2E(k)
dk2

observing that
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Free electron VS DFT: bandstructure of Si



Bandstructure in experiment: Angle Resolved 
Photoemission Specroscopy (ARPES)



Due to translation invariance at the surface of the 
sample, the component of the momentum of the 
electron parallel to the surface is conserved 
(the momentum of photon can be neglected)

http://nano-bio.ehu.es/files/Introductory_lectures_on_Arpes-Santander.pdf

http://www.phys.nthu.edu.tw/~spin/course/102S/NTHU_Seminar_0509_2013_pdf.pdf

ARPES



V0

EB = !ω − Ef −φ

!ki|| = !k f || = 2mEf sinθ

ki⊥ = 1
!
2m(Ef cos

2θ +V0 )

Due to translation invariance at the surface 
of the sample, the component of the 
momentum of the electron parallel to the 
surface is conserved 
(the momentum of photon can be 
neglected)

ARPES Vacuum level



ARPES



-2V, 500pA, 77K

-1.3V, 300pA, 35K
Cai, J. et al. Nature Nanotechnology submitted 
Bronner, C. et al. Angew. Chem. Int. Ed. 2013, 52, 4422

+

Heterojunctions

Examples from the Lab



-2V, 500pA, 77K

-1.3V, 300pA, 35K

dI/dV

Examples from the Lab

Staggering of the gap 

band bending



Examples from the Lab

9

Ø Popescu V. et al, PRB 85, 085201 (2012)

the real primitive cell is 6 times 
smaller than the chosen one

it is not possible to define a 
smaller primitive cell
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States in the pristine zGNR ribbon

Ø Ruffieux P. et al, Nature 531, 489 (2016)
Ø Wakabayashi K. et al, Sci. Technol. Adv. Mater. 11, 054504 (2010)

a) b) c) d)

Primitive cell representation of the band 
structures of cZGNRs as a function of Nz

Investigating the similarities with 6-ZGNRExamples from the Lab



Barone, V. et al. Nano Lett. 2006, 6,  2748

1
2

N=7

N=7  Eg≈2.1 eV

N=9  Eg≈1.1 eV

N=5  Eg≈0.6 eV

Son, Y.-W. et al. Phys. Rev. Lett. 2006, 97, 216803

Electronic bandgap in GNRs

Predictable Device ⟸ Atomic Precision



N = number of 
allowed states in 
graphene Brillouin 
zone

Eg 9-AGNR

Eg 7-AGNR

E
k

9-AGNR: 3p
7-AGNR: 3p+1
5-AGNR: 3p+2

7-AGNR 5-AGNR

NN TB

Electronic bandgap in GNRs

Predictable Device ⟸ Atomic Precision



Bandstructure of 7-AGNR in unit cell and 4*unit cell



and analogy to a finite size system



Defects VS bandstructure

The previous example can help us understanding to which 
extent a defect will modify the bandstructure and will appear 
or not as just an additional band within a gap region. 
GaN has been investigated in the past to fabricate blue 
emitting diodes but, due to defects there was yellow 
emittance.



Defects VS bandstructure

GaN has been investigated in the past to fabricate blue 
emitting diodes but, due to defects there was yellow 
emittance. Surface states present in the gap can be removed, 
for example, hydrogenating the GaN surface



Tight binding approach to compute bandstructures
We consider the case of bands originating from a single s orbital centred on the atoms of a 
crystal. If we consider two isolated atoms (A and B) of the same kind of the atoms in our 
crystal and the wavefunction of their s electron are respectively         and         then:

Ε0

Ε1<Ε0

Ε2>Ε0

Α Β
ϕA ϕB

ϕA +ϕB

ϕA −ϕB

ϕA ϕB



Tight binding approach to compute bandstructures

We consider the case of bands originating from a single s orbital centred on the atoms of a 
crystal. If we consider an isolated atom of the same kind of the atoms in our crystal and the 
wavefunction of its s electron is ϕ(r)

then, if the interaction between the atoms in the crystal is weak we can approximate the 
wavefunction of one electron in the crystal as:

ψ k (r) = Ckjϕ(r − rj )
j
∑

where the index j of the sum  is over all “infinite” lattice points (we assume a basis with a 
single atom). The wavefunction above has to be a Bloch function, this can be ensured if 

Ckj =
1
N
eikirj

where N is the number of atoms composing the crystal (remember Born-von Karman 
boundary conditions)



we can easily prove that the wavefunction

is a Bloch state:

ψ k (r) =
1
N

eikirjϕ(r − rj )
j
∑

ψ k (r +T ) =
1
N

eikirjϕ(r +T − rj )
j
∑

= eikiT 1
N

eiki(rj−T )ϕ(r - rj −T )
j
∑

= eikiTψ k (r)

Tight binding approach to compute bandstructures



The diagonal elements of the hamiltonian are given by:

k H k = 1
Ν

eiki(rj−rm )

m
∑ ϕm H ϕ j

j
∑   with  ϕm =ϕ(r − rm )

k H k = 1
Ν

e− ikiρm dVϕ *(r − ρm )Hϕ(r)∫
m
∑   with  ρm = rm − rj

If we consider the overlap among atomic orbitals to be non zero only up to nearest neighbour 
distances and the basis orbital to be orthonormal, we have:

dVϕ *(r)Hϕ(r) = −α;      dVϕ *(r − ρ)Hϕ(r) = −γ ;      ∫∫
thus:

k H k = −α − γ e− ikiρm = ε k
m
∑

The dependence of the overlap energy γ on the atomic separation ρ can be computed directly 
in the case of 1s orbitals of H atoms: γ decreases exponentially with ρ

Tight binding approach to compute bandstructures



A general case

tm

d2
d1



in a simple cubic crystal, where we have one atom at each corner of the primitive cube,

ρm = (±a,0,0);   (0,±a,0);   (0,0,±a)

Tight binding approach to compute bandstructures

εk = −α − 2γ (coskxa + coskya + coskza)

the energies are confined to a band of width 12γ. Please note that in case γ=0, that would 
correspond to no overlap among nearest neighbours, the dispersion of the bands vanishes 
and we are left with the energy levels “α” of the isolated atoms

ring of 20 H atoms



s and p bands in 1D linear chain 

ψ ks (r) =
1
N

eikjaϕs (x − ja)
j
∑

ψ kp (r) =
1
N

eikjaϕ p (x − ja)
j
∑

dVϕs
*(r)Hϕs (r) = ε s;      dVϕs

*(r − a)Hϕs (r) = ts < 0;      ∫∫
dVϕ p

*(r)Hϕ p (r) = ε p;      dVϕ p
*(r − a)Hϕ p (r) = t p > 0;      ∫∫



ε s (k) = ks H ks = 1
N

eikjaϕs (x − ja)
j
∑ H eikmaϕs (x −ma)

m
∑

= eikja ϕs (x) H ϕs (x − ja)
j
∑ = eikja (ε sδ j0 + tsδ j±1)

j
∑

ε s (k) = ε s + 2t cos ka

s and p bands in 1D linear chain 

1
N

eik ( j−m )a
j ,m
∑ ϕs (x − ja)ϕs (x −ma) = 1

N
ϕs (x − ja)ϕs (x − ja) =

j
∑ ε s



s  orbitals in 1D linear chain 

k in units of source:E. Kaxiras, “Atomic and Electronic Structure of Solids
π
a

TIP: from this plot you can “easily” understand why I need to double the simulation cell 
if I want to represent k=0.5 via k=0.
TIP: if you plot the square of these functions you will obtain a function with period a

a



p  orbitals in 1D linear chain 

k in units of source:E. Kaxiras, “Atomic and Electronic Structure of Solids
π
a



a snapshot on a more complicate case: fcc Si



a snapshot on a more complicate case: fcc Si



a snapshot on a more complicate case: fcc Si



Why does the GNR “C32H12” 
have a small gap?

Understanding electronic properties via TB



What does a small band gap mean in a 
quasi 1D structure ?

As a most general concept we can think of the 1D structure of 
identical building blocks with an internal electronic 
configuration with are connected by some coupling 

mechanism, e.g. by interatomic bonds. 

To understand we can first look at the electronic 
configuration of the isolated building block and then look 

what happens is we gradually couple them together.  

Courtesy of Oliver Gröning (Empa)



The 1D atomic chain is the most trivial case

The internal is a single, spin-degenerate 
electronic state, which I can put at E=0 

1x1 TB Hamiltonian  H00=E(k)=tm(exp(ika)+exp(ik(-a)))=2*tm*cos(ka)
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The 1D atomic dimer chain

Courtesy of Oliver Gröning (Empa)



The 1D atomic chain is the most trivial case

Courtesy of Oliver Gröning (Empa)



The 1D atomic chain is the most trivial case

tn=0.7u;   tm=1.3u
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The pyrene chain

TB Energy level of the pyrene g0=3 eV

Courtesy of Oliver Gröning (Empa)



The pyrene chain

Courtesy of Oliver Gröning (Empa)



The pyrene chain

0.5211

0.4179

0.2319

Courtesy of Oliver Gröning (Empa)



Sampling of the Brillouin Zone
Within the Bloch formalism many quantities are computed as a sum over all possible k points 
in the 1st Brillouin zone. The charge density n(r) of a crystal, for example, is obtained as:

n(r) = ψ ki
* (r)ψ ki (r)

k∈BZ
∑

i=1

nocc

∑
consider that if Rn is a symmetry operation of the point group of the crystal (and tn it’s 
associated translation) then:



Sampling of the Brillouin Zone
Within the Bloch formalism many quantities are computed as a sum over all possible k points 
in the 1st Brillouin zone. The charge density n(r) of a crystal, for example, is obtained as:

n(r) = ψ ki
* (r)ψ ki (r)

k∈BZ
∑

i=1

nocc

∑

In practice the sum over k points is performed on a finite set of points, corresponding to a 
finite grid mapping the Brillouin Zone. Moreover, the sum can be simplified using the 
symmetry operations of the crystal: selecting specific points in the so called Irreducible part of 
the Brillouin Zone (IBZ) the other points of the finite grid can be obtained applying the 
symmetry operations. 
A standard approach to select points in the Brillouin zone is to create a so called Monkhorst-
Pack grid (Phys. Rev. B 13 5188 (1976)). Usually high symmetry points of the BZ should be 
avoided when selecting the grid. Low symmetry points allow to obtain a faster convergence 
of the BZ sums.



xΓ25’

Γ15

X4

3.4eV

x

1.1eV

Silicon @ 300K



Summing up

x

Optical transitions are vertical
An electron that is excited from Γ25’ to Γ15  
absorbing a photon, if afterwards relaxes 
to X4, will then need to interact ,e.g. with a  
phonon to decay back to Γ25’ emitting  a  
photon. 
The crystal momentum of an electron tells 
you how the electron will react e.g. to an 
electric field. For the electron to be able to 
move within a band the band has to be not 
full. The curvature of a band is connected 
to the inverse of the effective mass of the 
charge carrier (electron or hole) moving in 
the band 

Γ25’

Γ15

X4

d(!k)
dt

= −eF
1
m*

= 1
!2
d 2E(k)
dk2



Eg

The fundamental gap Eg is the energy 
difference between the top of the 
valence band (bands below the Fermi 
level at T=0) and the bottom of the 
conduction band (bands above the 
fermi level at T=0). The amplitude of 
the band gap helps classifying 
materials as conductors, insulators, 
semiconductors

If we introduce defects (e.g.) in the 
crystal (at low concentration) new 
energy levels will appear in the gap 
regions. n doping of silicon (e.g. 
substituting Si with P) will introduce 
levels close to CBm and p doping (e.g. 
with Br) will introduce levels close to 
VBM

Summing up



Compared to the free electron model 
when we introduce the atomic 
potential in the crystal, gaps can 
open at the k points of the Brillouin 
zone borders. The amplitude of the 
gap is connected to the fourier 
component of the crystal potential at 
that specific k point

Summing up



Appendix



b1=2*pi/16.29A-1

b1=2*pi/5.43A-1

reciprocal space TASK_2

only Gamma point used but it’s periodic replica
will account for the other points of Task_1

real space big cell (TASK_2)

a1=16.29A

a1=5.43A

real space small cell (TASK_1)

reciprocal space TASK_1

and k-points of a 3x3 grid non shifted 
grid

Comparison of two equivalent calculations for bulk Si



Big cell, 216 atoms, 864 electrons Small cell, 8 atoms, 32 electrons



Task_3 Task5


