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About the course
We need a suitable atomistic approach to model a nanoscale system
We employ a simulation package to compute quantities providing a theoretically sound explanation
of a given experiment.
We get to know empirical force fields and insight in electronic structure theory, in particular using
wave function methods and density functional theory (DFT).
We apply this knowledge both to molecules and condensed phase systems like crystals and their
surfaces
We understand the advantages of Monte Carlo and molecular dynamics (MD), and how these
simulation methods can be used to compute various static and dynamic material properties.
We perform in the exercises a basic computational experiment: interpreting the experimental input,
choosing theory level and model approximations, performing the calculations, collecting and
representing the results, discussing the comparison to the experiment, all done in a versatile
python environment (jupyter)
We model scanning probe microscopy to enhance the experimental atomic eye with the
computational and theoretical insight

Course contents
1. 22.2 DP: Intro, potentials, clusters, force fields, optimisation algorithms
2. 1.3 DP: Methods for finding transition states
3. 8.3 CP: Monte Carlo methods and connections to experiment
4. 15.3 DP: Molecular dynamics and quantities extracted from MD
5. 22.3 DP: Free energy methods and connection to experiment
6. 29.3 DP: Molecular orbital theory and electronic structure of molecules
7. 5.4 DP: Density functional theory: basics and running a DFT simulation
8.12.4 DP: Vibrational modes and surfaces
9. 3.5 DP: Correlation functions from molecular dynamics
10.10.5 CP: Crystal symmetry and periodic systems
11. 17.5 CP: Band structure

12.24.5 CP: Scanning probe microscopy and atomistic simuations: lenses to the nanoworld
13.31.5 or other date DP, CP: Advanced topics and/or repetition

Timetable

•
•
•
•
•

Spring semester 2019
Friday 13.45-15.30 (Theory) HIL E8
Friday 15.45-17.30 (Exercises) HIL E1
4 KP
Oral exam

Motivation from all day’s work

Motivation: predicting and anticipating: superionic water
Simulated in 1999
Get the paper

Experiment in 2018
Get the paper

Found in outer planets?

What can we compute: properties

•
•
•
•
•
•
•
•
•

Molecular structure
Crystal structure
Cohesive energy
Elastic properties
Thermodynamic properties
Lattice vibrations
Electronic and optical properties of insulators
Electronic properties of metals
Transport and device properties

A couple of examples

Folding of ubiquitin protein
MOTIVATION
Unraveling folding mechanism of a protein found
in all eukaryotes.
Predicting thermodynamics & kinetics

INGREDIENTS & METHODS
Describing atoms and their interactions
Simulating long dynamics (milliseconds!)
Including water

EXTRACTED PROPERTIES
Timescales for folding
Equilibrium configurations
Free energy profiles
Metastable configurations

Get the paper

Coarse-grained simulation of polymers

INGREDIENTS & METHODS
Describing atoms and their interactions
Simulating long dynamics (seconds!)
Including large length scales

EXTRACTED PROPERTIES
Structure of polymers
Correlation functions
Polymer macroscopic properties

Get the paper

Deformation twinning
MOTIVATION
Deformation twinning of nanocrystals can
enhance their strength and ductility
Understanding the microscopic mechanisms

INGREDIENTS & METHODS
Good interaction potentials for metals
molecular dynamics algorithms

EXTRACTED PROPERTIES
Energy of deformation
Twinning configurations
Atomistic insight and grain size

Get the paper

Dye sensitised solar-cell with record efficiency
MOTIVATION

Understanding the record efficiency and guiding
the design through quantum simulation

INGREDIENTS & METHODS
Description of the quantum chemistry of
the molecules
Simulation of electronic excitation

EXTRACTED PROPERTIES
Molecular orbitals
Electronic properties
Function/structure relations

Get the paper

Sampling conformational space

•Next lectures: how to explore the conformational space in an efficient way
•Locating minima and transition states
•Accelerated dynamics methods
•Replica of several simulations at different temperatures (replica exchange)
•Monte Carlo simulation

Simulating nuclei+electrons

•Solving Schrödinger equation for several atoms (see next lectures for DFT)
•Dynamics: Discretizing the equation of motion with timesteps of the order of

fractions of femtosecond; expensive wavefunction optimizations at each timestep

•Explicit solvent effects
More simply... classical approach

•Electrons are treated implicitely: only nuclei are considered
•Classical equations of motion govern the dynamics (e.g., Newton’s equation)
•No solution of the quantum electronic problem at each dynamics step
•Electron effect is embedded in the interaction: example, a C-C bond
•This is valid only under some assumptions

Classical schemes: Force fields

HvG97

Molecular dynamics and its evolution

P.H. Hünenberger and W.F. van Gunsteren
Empirical classical interaction functions for molecular simulation
In: "Computer Simulation of Biomolecular Systems, Theoretical and Experimental Applications", Vol. 3, W.F. van Gunsteren, P.K.
Weiner, A.J. Wilkinson eds., Kluwer Academic Publishers, Dordrecht, The Netherlands, (1997), pp. 3-82
http://link.springer.com/chapter/10.1007%2F978-94-017-1120-3_1#

1997: 105-106 atoms

Germany 2013: (4.125*1012) particles on Garching’s
SuperMUC, 146,016 cores used to reach an actual
processing power of 591.2 teraFLOPS!!!!
In liquid form, 4.125 trillion molecules of the noble gas krypton would occupy the volume of a
cube whose edges are 6.3 micrometers long.Thus the simulation computation pushes forward into
a domain in which it should soon be possible to directly compare the results of simulations with
the results of measurements – an important advance on the way to reliable insights into
properties of matter.

Why simulation? Which choices?

•Hühnenberger + van Gunsteren 1997:

HvG97

Choice of the explicit degrees of freedom of the model

The choice of the elementary unit is the first step in the design of an empirical
force field. This choice affects:
• the computational effort
• the extent of conformational space that can be searched (timescale)
• maximum resolution in terms of particles and processes
• the energetical accuracy in the interactions
• the type of observables that can be accessible

Hierarchy of explicit degrees of freedom

Kinds of force fields

•Gas-phase force fields
•Condensed-phase force fields:
•Molecules
•Polymers
•Solids
•Mean-solvent force fields
•Low-resolution force fields
•Hybrid force fields

Need of a classical approximation

Length and time scale problems

Sampling conformational space

•Next lectures: how to explore the conformational space in an efficient way
•History dependent methods (local elevation, metadynamics)
•Accelerated dynamics methods
•Replica of several simulations at different temperatures (replica exchange)
•Monte Carlo simulation

Simulating nuclei+electrons

•Solving Schrödinger equation for several atoms (see next lectures for DFT)
•Dynamics: Discretizing the equation of motion with time steps of the order of

fractions of femtosecond; expensive wavefunction optimisations at each time step

•Explicit solvent effects
More simply... classical approach

•Electrons are treated implicitely: only nuclei are considered
•Classical equations of motion govern the dynamics (e.g., Newton’s equation)
•No solution of the quantum electronic problem at each dynamics step
•Electron effect is embedded in the interaction: example, a C-C bond
•This is valid only under some assumptions

Locating stationary points
A classical model of a physical system:
a collection of atoms (nuclei) with positions and
velocities, in some volume Ω with boundary
conditions, that can evolve in time according to
their interaction forces (molecular dynamics)
The potential is a function of atomic coordinates,
that represents the potential energy of the
system when it is in that specific configuration:
(Drawing by Javier Varillas)

V (~r1 , ~r2 , . . . , ~rN )

and the forces can be obtained by derivation (in presence of a conservation law of total
energy); setting them to zero gives us maxima, minima and saddle points of the potential.
Fi =

@V (~r1 , ~r2 , . . . , ~rN )
= 0 8i
@ri

Such points correspond to stable, unstable or metastable configurations of the system

Assumptions underlying empirical interaction functions (p. 25)

“The only justification of empirical force fields resides in their ability to reproduce and
predict a vast amount of experimental results… It is useful to try to understand the reason
of the agreement (or the cause of discrepancies) by considering the relationship between
the energy terms of the force field and the underlying QM reality”Important assumptions
are:

•Implicit degrees of freedom and the assumption of weak correlation

example: fluctuations of implicit electronic degrees of freedom can be neglected at fixed
nuclei

•Energy terms and the assumption of transferability

Functionally simple energy terms valid in several “physical situations” and not around a
given stable configuration of a molecule

•Coordinate redundancy and the assumption of transferability
There are more than 3N-6 energy terms…

•Choices made in the averaging process

A certain energy term is resulting on averaging different molecular situation (all, for
example, with a C-C single bond)

Preparing the model for a molecule
1. Getting the coordinates from some database (e.g., pdb file)

2. Defining the topology

3. Defining the interaction parameters

The first step is always the atom type definition

Hybridization

http://www.education.com/study-help/article/valence-bond-theory/

Example: carbon: 1s2 2s2 2p2
four valence electrons per atom

ethylene: double bond

acetylene: triple bond
http://chemwiki.ucdavis.edu/

Strength of interactions (1 Ha=627.5 kcal/mol ; 1eV= 23 kcal/mol)

•Hydrophobic: < 10 kcal/mol
•Electrostatic: 1-20 kcal/mol
•Hydrogen bond: 2-30 kcal/mol
•Stacking of aromatic molecules (pi-pi): 0-10 kcal/mol
•van der Waals: 0.1-1 kcal/mol
•C-O bond: 81 kcal/mol 1.43 Angstrom
•C-C bond: 86 kcal/mol 1.54 Angstrom
•C-H bond: 103 kcal/mol 1.11 Angstrom
•C=C bond: 143 kcal/mol 1.33 Angstrom
•C=O bond: 165 kcal/mol 1.21 Angstrom

NON-COVALENT

COVALENT

The classical Hamiltonian: AMBER force field

Bond energy terms

•Assuming that the system will not deviate “too much” from equilibrium, a
quadratic expansion is valid

Ub (r) = K (r

req )
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•although a Morse expansion would be more faithful to the exact result.
h
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Typical bond parameter values

Atom pair

r_eq in Å

K_r in kcal/
(molÅ2)

C =O

1.229

570

C - C2

1.522

317

C -N

1.335

490

C2 - N

1.449

337

N -H

1.01

434

Angular terms

•In a similar fashion as in the bond-stretching terms,

for small deformations, a
Taylor expansion is applied, of which usually a harmonic term in the angle or in
the cosine is retained.

•In the Amber force field, an harmonic term in the angle is chosen
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Dihedral terms

•The approximation should keep into account the angular periodicity.
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•The number of terms retained in the expansion varies
from one force field to another

•Not all dihedral angles

energy terms in a molecule are
retained in the summation

•Depending on the force field, atoms separated by two other
atoms (third neighbours) may be excluded from the list of
non-bonded interactions

•A nice example on the web: ethane and butane
http://chemistry.umeche.maine.edu/CHY251/Butane.html

⇤

Coulomb interactions

ECoulomb ({rij } ; {qi ; qj }) =

N X
N
X
i

j>i

1
4⇥

0

qi qj
1 rij

•ε is the relative permittivity of the medium
•The above way is not suitable for large and periodic systems, due to the long
1

range of the interactions

•Methods to efficiently compute electrostatic interactions will be discussed in a
future lecture

•Shown is the electrostatic potential of a nitrobenzene molecule adsorbed on a

metallic surface, which screens the potential, being an (almost) perfect conductor.
On the left: pure DFT, on the right, fitted to a partially classical model, with and
without surface.

Van der Waals terms

•van der Waals interactions stem from induced dipole-induced dipole interaction,

and, together with a repulsive part originating from Pauli repulsion, represent the
nonelectrostatic part of the interaction between non-bonded atoms. The origin is
purely quantum, and the modelization of this kind of interaction is a very active
field also within the ab initio simulation community.

•Possible forms are:
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•when we will face DFT and light absorption, we will discuss operative recipes to
compute the coefficients

Determination of parameters

•Primary data

data from experimental or theoretical sources that can, in principle, be
interpreted directly in terms of force-field parameters

•Secondary data

data that can be compared reliably to simulation results

•Tertiary data

data that can be compared with simulation results, but currently not
accurately enough to be used for parametrization.

Potential energy surface
It is the graph of the potential… problem: usually the number of variables is of order 3N… for
visualisation and analysis purposes we draw cuts, projections, or we define global variables for the
systems (gyration radius, other order parameters…)

V (~r1 , ~r2 , . . . , ~rN )

This is a simple case as a function of two torsional angles of this molecule (Müller
group, Bochum). All other coordinates are optimised to their equilibrium value.

Potential Energy Surface (PES): minima and transition states
The Potential Energy Surface describes the energy of the system as a function of the coordinates. It is in principle
known as soon as the interaction model is defined. Marked are the points of zero gradient of the potential

Fi =

@V (~r1 , ~r2 , . . . , ~rN )
= 0 8i
@ri

THE CASE OF CENTRAL PAIRWISE INTERACTIONS

V (r1 , . . . , rN ) =
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i
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w(ri-rj) is the pair potential

F(r) = F (r)r̂

F (r) =

dw(r)
dr

H. B. Schlegel, Wayne State University

Locating minima

Methods to locate minima

•

WITHOUT gradients: evaluate V on a grid of
points, maybe in a clever way, and then locate
the minimum value of V. Trivial but
computationally intensive,

•

WITH gradients:

•
•
•
•
•

Steepest descent
Non-linear conjugate gradient
Broyden-Fletcher-Goldfarb-Shanno (BFGS)
L-BFGS
Such methods can be INSUFFICIENT to
describe the thermodynamics of a system, for
example if we are in a situation like (b), typical
of molecules interacting with a solvent… next
lectures: FREE ENERGY METHODS.

(Gradient) Steepest descent method

•

Observation: if a multivariable function F(x) (e. g., the
interaction potential among atoms in the system) is
defined and differentiable in a neighbourhood of point
a, then it decreases fastest if one goes in the direction
of the negative gradient of F at a, -𝛻F(a)

•

So if 𝛾 is small enough,

Algorithm:
Choose x0
Consider the sequence
Note that 𝛾 can be changed at any iteration

Can be slow and “zigzagging”
toward the minimum

Conjugate gradient method
A comparison of the convergence of gradient
descent with optimal step size (in green) and
conjugate gradient(in red) for minimizing a quadratic
function associated with a given linear system.
Conjugate gradient, assuming exact arithmetic,
converges in at most n steps, where n is the size of
the matrix of the system (here n = 2).

Quasi-Newton methods
(viewpoint of a computer scientist - machine learning)
from: http://aria42.com/blog/2014/12/understanding-lbfgs
Blog from Aria Haghighi

Iterative methods: Newton-Rawson
Most numerical optimization procedures are iterative algorithms which consider a sequence of ‘guesses’ xn
which ultimately converge to x*, the true global minimizer of f. Suppose that we have an estimate xn and we
want our next estimate xn+1 to have the property that f(xn+1)<f(xn). We can write xn+1=xn+Δx and write the
following equation for hn, the quadratic approximation of f:

gn and Hn are gradient and Hessian of f . By minimising with respect to Δx,

This suggest that Hn-1 gn is a good direction to move towards (big second
derivatives reduce the weight of the corresponding gradient direction). In
practice, we choose a scalar α by which the function f decreases enough, and
we set

Approximated Hessians: Quasi-Newton

•

Suppose that instead of requiring the exact Hessian, we are happy about an
approximation of Hn-1 . This is done by a “QuasiUpdate” routine that uses the
information about the difference of the last two positions, the difference
of the last two gradients, and the former inverse Hessian.

•

A good form for the QuasiUpdate would indeed be the “secant condition”.
One starts from the request that the approximation hn has the “right” gradient
in xn and xn-1, and finds the condition which leads to (s: difference in
coordinates, y: difference in gradients)

Using secant condition: BFGS

•

These reseatchers have invented a Hessian update that allows to update
the Hessian inverse iteratively, maintaining it SYMMETRIC and
SATISFYING THE SECANT CONDITION:

•

The recurrence formula can be also used to update the product of the
matrix times a vector.

•

Since Quasi Newton only requires this matrix times the gradient at each
iteration, if the problem is big it allows to avoid computing the whole matrix

•

At each step of the quasi Newton a line minimisation along the new
direction defined by Hn-1 gn is done.

Exercise

•
•
•

Implementation of BFGS
Matrix/Vector and inversions are done explicitly (small problem)
The minimisation along the line is avoided and substituted by a projection
on the “best” eigenvectors of the Hessian

LJ 38 clusters and transition states
Daniele Passerone
Empa, Swiss Federal Laboratories for Materials Science and Technology
nanotech@surfaces Laboratory
daniele.passerone@empa.ch
Assistant: martina.danese@empa.ch

Sampling conformational space

•Next lectures: including temperature
•Monte Carlo simulation
•Molecular dynamics simulations
•Computing reaction rates and free energies with dedicated methods
•Today: finding transition states

Locating stationary points
A classical model of a physical system:
a collection of atoms (nuclei) with positions and
velocities, in some volume Ω with boundary
conditions, that can evolve in time according to
their interaction forces (molecular dynamics)
The potential is a function of atomic coordinates,
that represents the potential energy of the
system when it is in that specific configuration:
(Drawing by Javier Varillas)

V (~r1 , ~r2 , . . . , ~rN )

and the forces can be obtained by derivation (in presence of a conservation law of total
energy); setting them to zero gives us maxima, minima and saddle points of the potential.
Fi =

@V (~r1 , ~r2 , . . . , ~rN )
= 0 8i
@ri

Such points correspond to stable, unstable or metastable configurations of the system

Van der Waals terms

•van der Waals interactions stem from induced dipole-induced dipole interaction,

and, together with a repulsive part originating from Pauli repulsion, represent the
nonelectrostatic part of the interaction between non-bonded atoms. The origin is
purely quantum, and the modelization of this kind of interaction is a very active
field also within the ab initio simulation community.

•Possible forms are:
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•when we will face DFT and light absorption, we will discuss operative recipes to
compute the coefficients

Potential energy surface
It is the graph of the potential… problem: usually the number of variables is of order 3N… for
visualisation and analysis purposes we draw cuts, projections, or we define global variables for the
systems (gyration radius, other order parameters…)

V (~r1 , ~r2 , . . . , ~rN )

This is a simple case as a function of two torsional angles of this molecule (Müller
group, Bochum). All other coordinates are optimised to their equilibrium value.

Dispersion forces

1. They are long-range forces and, depending on the situation, can be effective from large distances
(greater than 10 nm) down to interatomic spacings (about 0.2 nm).

2. These forces may be repulsive or attractive, and in general the dispersion force between two
molecules or large particles does not follow a simple power law.

3. Dispersion forces not only bring molecules together but also tend to mutually align or orient them,
though this orienting effect is usually weaker than with dipolar interactions.

4. Dispersion forces are not additive; that is the force between two bodies is affected by the presence
of other bodies nearby. This is called the nonadditivity of an interaction.

“Classical” interpretation

Intuitive origin of dispersion forces:
for a non-polar atom such as He, the time average of its dipole
moment is zero.
At any instant, however, there exists a finite dipole moment
(instantaneous position of electrons).
This generates an electric field. That polarises any neutral atom
around , giving rise to a dipole moment.
The resulting interaction leads to an attractive force with finite time
average.

Picture from: Averill, Bruce A. and Eldredge, Patricia, Chemistry: Principles, Patterns, and Applications, http://onlinebooks.library.upenn.edu/webbin/book/lookupid?key=olbp60283

Does it come close to the truth?
•

Consider a Bohr model, namely one electron orbiting around the nucleus at the Bohr radius a0 = 0.52918 Angstrom
imposed by the De Broglie condition, namely that the orbit contains an integer number of wavelengths (quantum
mechanics)

•

Compute the instantaneous dipole and the corresponding interaction with the induced dipole of another atom, this
gives (α is the polarizablity of the second atom)

•

Using quantum mechanical perturbation theory, London found in 1937:

•

while dispersion forces are quantum mechanical (in determining the instantaneous, but fluctuating, dipole moments of
neutral atoms), the ensuing interaction is still essentially electrostatic—a sort of quantum mechanical polarization force.
MORE DETAILS IN A FURTHER LECTURE

Lennard-Jones potential

•van der Waals interactions stem from induced dipole-induced dipole interaction,

and, together with a repulsive part originating from Pauli repulsion, represent the
nonelectrostatic part of the interaction between non-bonded atoms. The origin is
purely quantum, and the modelization of this kind of interaction is a very active
field also within the ab initio simulation community.

•Possible forms of the Lennard-Jones potential are:
"✓
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•when we will face DFT and light absorption, we will discuss operative recipes to
compute the coefficients

Potential Energy Surface (PES): minima and transition states
The Potential Energy Surface describes the energy of the system as a function of the coordinates. It is in principle
known as soon as the interaction model is defined. Marked are the points of zero gradient of the potential
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THE CASE OF CENTRAL PAIRWISE INTERACTIONS

V (r1 , . . . , rN ) =
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w(ri-rj) is the pair potential

F(r) = F (r)r̂

F (r) =

dw(r)
dr

H. B. Schlegel, Wayne State University

Methods to locate minima

•

WITHOUT gradients: evaluate V on a grid of
points, maybe in a clever way, and then locate
the minimum value of V. Trivial but
computationally intensive,

•

WITH gradients:

•
•
•
•
•

Steepest descent
Non-linear conjugate gradient
Broyden-Fletcher-Goldfarb-Shanno (BFGS)
L-BFGS
Such methods can be INSUFFICIENT to
describe the thermodynamics of a system, for
example if we are in a situation like (b), typical
of molecules interacting with a solvent… next
lectures: FREE ENERGY METHODS.

Potential energy surfaces in a complex system
•

As a function of the coordinates, the interaction potential can show
several local minima

•

Such local minima are connected by transition states at various
energies. Classically such transition states can be overcome by the
system only if the total energy allows that

•

Thus it makes sense to draw “disconnectivity graphs” for energy
landscapes

•

a, The 'weeping willow' results from a gentle funnel with large barriers.
b, The 'palm tree' results from a steeper funnel with lower barriers. c,
The 'banyan tree' results from a rough landscape.

•

Problem of how to reach the global minimum of the PES

•

Example of strategy: basin hopping method (Wales and Doye): the
exploration of the PES is done in a modified energy landscape, where
each basin of attraction has the constant energy of the corresponding
local minimum

Local minima are connected
by transition states

Complex landscapes

D.J. Wales, Exploring Energy Landscapes, Annu. Rev. Phys. Chem. 69 (2018) 401–425.
doi:10.1146/annurev-physchem-050317-021219.

•

How many minima in a system with N atoms?

•

Let us assume that the system with mN
atoms can be divided into m equivalent
independent subsystems of N atoms each.
Then…

•

If one subsystem is in a transition state, the
global transition state will have all other
m-1 subsystems in a minimum

•

This suggests that the ratio between
number of transition states and number of
minima increases linearly with N, in
agreement with numerical results.

Lennard-Jones clusters (see http://doye.chem.ox.ac.uk/research/clusters.html))

•

Clusters are finite aggregates of atoms or molecules, which can contain from a few to
tens of thousands of atoms or molecules, and so they provide a bridge between isolated
atoms and molecules and bulk matter.

•

In this intermediate size regime it is particularly interesting to observe the emergence of
properties that involve the collective behaviour of the atoms and molecules and to see
how these properties evolve to the familiar bulk-like behaviour.

•

LJ clusters are clusters of atoms interacting only via dispersion forces: typically, noble
gas atoms (He) Ar, Ne, Kr, Xe, Rn

http://atomsinmotion.com/

•

They can be observed experimentally, and they are IDEAL for testing algorithms for exploring energy surfaces: only
pairwise interaction, growing complexity of the PES, rich thermodynamics….

•

Given the kind interaction, all properties of (say) Ar clusters are basically the same for Ne, Kr, Xe… upon rescaling of
lengths and energies. THIS IS AN APPROXIMATION (rather valid in this case).

•

For this reason, a cluster of N argon atoms is called in the computational community: LJ-N cluster.

Disconnectivity graphs
๏
๏
๏
๏
๏
๏

To construct a potential energy disconnectivity graph from a connected
set of local minima, we first choose an energy spacing, ΔV , and then
determine how the minima are partitioned into subsets (superbasins) at
threshold energies V0,V0+ΔV,V0+2ΔV,….
The subsets are groups of minima, which can interconvert via transition
states that lie below the potential energy threshold. At sufficiently high
energy, all the minima can interconvert without exceeding the threshold
(unless there are infinite barriers) and there is a single superbasin.
As we lower the threshold energy, the superbasins progressively split
apart, and the disconnectivity graph follows this splitting by connecting
subgroups to the parent superbasin at the threshold energy above.
Eventually, the superbasins split into individual local minima, which are
represented by points at the corresponding potential energy on a vertical
scale, connected to the parent superbasin at the closest superbasin
energy above.
Disconnectivity graph for the LJ13 cluster including 1467 local minima
identified for this system.
Inset: examples of transition paths connecting adjacent minima. The
height of the barrier can be connected to the transition rate that
determines the kinetics of phase transformation: here MFPT= Mean first
passage time

E.F. Koslover, D.J.Wales, Comparison of double-ended transition state search
methods, J. Chem. Phys. 127 (2007) 134102. doi:10.1063/1.2767621.

Disconnectivity graph for LJ38

• In this case, there are two
competing morphologies
separated by a high barrier,
corresponding to an incomplete
Mackay icosahedron and a
truncated octahedron (fcc).
• Branches of the graph
associated with minima based
on the octahedron are coloured
red.
Wales, D. J. Decoding the energy landscape: extracting structure,
dynamics and thermodynamics. Philosophical Transactions of the Royal
Society of London A: Mathematical, Physical and Engineering Sciences
370, 2877–2899 (2012).

How to identify classes of structures: Steinhardt order parameters

•

Steinhardt parameters measure
the local order in the
neighbourhood of an atom and
are able to distinguish between
solid and liquid structures as well
as between different symmetries
in ordered structures.

•

They are a function of the vectors
joining neighbouring atoms
(bonds).

Wolfgang Lechner, University of Vienna
https://homepage.univie.ac.at/wolfgang.lechner/nucleation.html

P. Steinhardt, D. Nelson, and M. Ronchetti, Phys. Rev. B 28, 784 (1983).

q4 in the LJ38 cluster

Along a transition pathway from
the global minimum to an

q6 along a transition path

Locating transition states

Transition states

By AimNature - Own workThis mathematical image was created with Mathematica., CC BY-SA 3.0, https://commons.wikimedia.org/w/index.php?curid=29227262

Methods to find transition states

•

Global methods based on interpolation between reactants and products:

•
•

Linear or quadratic synchronous transit
Double-ended methods (NEB) see further

•

Local methods based on the Hessian: they find exact or approximate
Hessian and follow the direction with negative curvature up to the saddle
point (eigenvector following): this can be very expensive (Hessian
computation)

•
•

Hill climbing, walking up valleys…
Dimer method
(slide: H. Kulik, MIT assistant professor)

Locating transition states: band methods
In chain-of-states methods, several images (or `states') of the system are connected together by a spring of a certain spring
constant to trace out a path. If the images are connected with springs of zero natural length and the object function is defined as
(Elber and Karplus). Such function is minimized iteratively, until at convergence (step M), should pass through the transition
state. Not only, but the path will be called “Minimum energy path” (MEP) being the the lowest-energy path connecting two
minima on a potential energy surface.

~ 1 (0)
R
~ 1 (M )
R

~lj

~P
R
~P
R

1 (0)

1 (M )

Nudged elastic band (Jonsson)
Band methods can show corner cutting and
other problems.
The problem with corner cutting results from
the component of the spring force which is
perpendicular to the path and tends to pull
images off the Minimum Energy Path.

Another toy model to test the NEB (Jonsson et al.)

Heather Kulik, Assistant Professor at MIT

Possible problems in the NEB

•

Poor resolution around the transition
state—> improved methods (see
next slides)

•

excessive rigid rotation: can be avoided with a robust algorithm providing the optimal
counter-rotation
(H.C. Herbol, J. Stevenson, P. Clancy, Computational Implementation of Nudged Elastic Band, Rigid
Rotation, and Corresponding Force Optimization, J. Chem. Theory Comput. 13 (2017) 3250–3259. doi:
10.1021/acs.jctc.7b00360.)

Climbing-image NEB

•

G. Henkelman, B.P. Uberuaga, H. Jónsson, A climbing image nudged elastic band
method for finding saddle points and minimum energy paths, The Journal of Chemical
Physics. 113 (2000) 9901–9904. doi:10.1063/1.1329672.

The original NEB algorithm:
Force made up by two parts
Orthogonal component of true force
Parallel component of spring force

•

Climbing-image NEB identifies the highest energy, and then does not use
spring force for that image, but moves up the potential energy surface along the
elastic band and down the potential surface perpendicular to the band.
seeking for a “maximum” along the
tangent and minimum orthogonally

•

As long as the CI-NEB method
converges, the climbing image
will converge to the saddle point.

Improved tangent NEB

•

G. Henkelman, H. Jónsson, Improved tangent estimate in the nudged elastic band
method for finding minimum energy paths and saddle points, J. Chem. Phys. 113 (2000)
9978–9985. doi:10.1063/1.1323224.

The original NEB algorithm:

requires the estimate of the tangent along the path, but this
can develop non-converging kinks:
without IT-NEB

•

the solution is to take the tangent from the adjacent image at higher
energy. At an extreme, one takes a weighted average:

(at an extremum)

and this improves convergence!

with IT-NEB

Doubly nudged elastic band (D-NEB)

S.A. Trygubenko, D.J. Wales, A Doubly Nudged Elastic Band
Method for Finding Transition States, The Journal of Chemical
Physics. 120 (2004) 2082–2094. doi:10.1063/1.1636455.

Uses L-BFGS (limited memory BFGS), a variation of BFGS using low memory (see https://en.wikipedia.org/wiki/Limited-memory_BFGS)

•

In order to solve problem about non-equispaced images close to the
transition state, corner-cutting and instabilities in the gradient, the method
keeps a portion of the spring gradient orthogonal to the path

•

The algorithm is optimised in the program OPTIM (http://wwwwales.ch.cam.ac.uk/OPTIM/) and allows to connect minima that are at large
distances, by finding a succession of minimum-TS-minimum-TS… and
further refining

•

TS can be found and used as a starting point for local minimizations (local
minima) and/or refined by eigenvector following

•

The result can be a complex set of minima connecting two distant
structures

Simulation with CP2K
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High-throughput screening of nanomaterials
■

Interplay with experiment/industry to define the problem

■

Implement computer science-based workflows and data
mining tools to automate calculations and inquiries

■

Extract novel candidates for experiments and novel
devices

31

Zigzag Graphene Nanoribbons
P. Ruffieux et al.

(in coll. with K. Müllen et al., MPI Mainz)

Ma terials Sci ence & Technolog y

Edge state characterization: experiment and theory

Synthesis

STM-based manipulation onto NaCl

on Au(111)

T1
6-ZGNR
Au
NaCl
T2

12 nm x 3 nm

STM

dI/dV
DOS
(DFT)

nc-AFM

-0.3 eV

1 eV
dI/dV

P. Ruffieux, S. Wang, B. Yang, C. Sánchez-Sánchez, J. Liu, T. Dienel, L. Talirz,
P. Shinde, C. A. Pignedoli, D. Passerone, T. Dumslaff, X. Feng, K. Müllen, R. Fasel
Nature 531, 489 (2016)

LDOS
(DFT)

What is CP2K?

CP2K is a freely available (GPL) program, written in Fortran 2003, to perform atomistic and
molecular simulations of solid state, liquid, molecular and biological systems. It provides a
general framework for different methods: density functional theory (DFT) using a mixed
Gaussian and plane waves approach (GPW) using LDA, GGA, MP2, or RPA level of theory,
classical pair and many-body potentials, semi-empirical (AM1, PM3, MNDO, MNDOd, PM6)
Hamiltonians, Quantum Mechanics/Molecular Mechanics (QM/MM) hybrid schemes relying on
the Gaussian Expansion of the Electrostatic Potential (GEEP).

Science with CP2K
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Bonus material: how to estimate binding energies from
experiment
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An example from real experiments
(Jan Prinz, Empa)

Probing molecule-surface interactions
using CO as a test molecule
!
Adsorption
of aadsorption
small molecule
onPdGa:B
the surface
What are the
sites on the
(111)Pd
of
an intermetallic
PdGa1 surfaces?
compound
3 and PdGa:B(111)Pd
!
Pd/Ga site?!
!
Hollow/bridge/top site?!

FTIR (Fourier Transform Infrared Spectroscopy)!
RAIRS (Reflection Absorption Infrared Spectroscopy)!
Wavelengths that coincide with vibrational
modes of the molecular dipole are absorbed.!

!-"
"
!+"

12x10
Absorption [arb. u.]

The energy of a vibrational
mode depends on the
binding conformation of the
molecule to the surface.!

-3

10
8
6
4
2
0

!

!
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Extracting bond strength: infrared spectroscopy

The absorption wavenumber for a stretching vibration is related to both the force constant k
between the two atoms and the mass of the two atoms (m1 and m2) by Hooke's law:

From this relationship, two important trends in the wavenumber for stretching vibrations can
be deduced.
1.As the bond strength increases, the wavenumber increases. For example:

2.As the mass of one of the two atoms in the bond increases, the wavenumber decreases
(assuming the change in bond strength is relatively small). For example,

!
!

IR absorption as a function of CO exposure at liquid nitrogen temperatures!
PdGa:B(111)Pd3!

PdGa:B(111)Pd1

0.40

CO
exposure

CO
exposure

0.35

50.0 L

50.0 L

0.35

5.0 L

5.0 L

1.0 L

0.30

0.8 L
0.6 L

2.0 L

0.30

1.0 L

Absorption

Absorption

2.0 L

0.8 L
0.25

0.6 L

0.25
0.4 L

0.4 L

0.2 L

0.2 L

0.1 L

0.20

0.1 L

0.20

0.05 L

0.05 L
1800

1900

2000

2100
-1

wavenumber [cm ]

Molecule adsorbed on “Pd3”

2200

1800

1900

2000

2100
-1

wavenumber [cm ]

Molecule adsorbed on “Pd1”

2200

!
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IR absorption as a function of CO exposure at liquid nitrogen temperatures!
PdGa:B(111)Pd3!
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Comparison to CO/Pd(111)
literature data!

Molecular Dynamics
Molecular and Materials Modelling (MMM)
HIL E8
Daniele Passerone
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daniele.passerone@empa.ch
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Ensembles

Goal of MD: obtaining ensemble averages from trajectory

q

Hamilton’s principle

•The starting point is “Hamilton’s principle” in classical mechanics. Such principle
considers the entire motion of a system between times t1 and t2.

•The motion of the system from time t

to time t2 is such that the line
integral (called the action or the action integral)

I=

Z

1

t2
t1

L dt,

where L=T-V, has a stationary value for the actual path of the motion.

•This corresponds to say that the variation of the line integral I for fixed t1 and t2 is
zero:

I=

Z

t2
t1

L(q1 , . . . , qn , q̇1 , . . . , q̇n , t) dt = 0.

Hamilton’s equations

•A system of two first-order differential equations governing motion.

Derivation of Lagrange’s equations
Let us consider a function f of many independent variables yi and their
derivatives ẏi, all function of the parametric variable x. Then a variation of the
integral J,
J=

Z

2

f (y1 (x); y2 (x), . . . , ẏ1 (x); ẏ2 (x), . . . , x)dx
1

is obtained by considering J as a function of parameter α that labels a possible
set of curves y1(x, α). Thus, we may introduce α by setting:
y1 (x, )
y2 (x, )
..
.

=
=

y1 (x, 0)
y2 (x, 0)
..
.

+
+

⇥1 (x),
⇥2 (x),
..
.

the variation functions vanishing at the endpoints. The variation becomes:
J=

Z

2
1

X ✓ ⇥f
i

⇥yi

d ⇥f
dx ⇥ ẏi

◆

yi dx

and since the y variables are independent, the variations are also independent.
Hence, the only possibility to set to zero the variation of J is that the coefficients of
dyi separately vanish.
In the language of Hamilton’s principle, this leads to Lagrange’s equations:
d L
dx q̇i

L
= 0,
qi

i = 1, . . . , n

and it can be shown that if V does not depend on t, the total energy of a system
T+V is conserved.

Molecular dynamics

•Lagrange equation of motion can be written under some conditions in the
more familiar (Newton’s law)

ri V = Fi = mi ai

•In classical molecular dynamics we thus follow the laws of classical mechanics.
•Given an initial set of positions and velocities, the subsequent time evolution is in
principle completely determined.

•The trajectory is a way to obtain a set of configurations distributed according to
some statistical distribution function, or statistical ensemble.

•Example microcanonical: in the HAMILTONIAN formulation (trivially, H=E) we
sample the ensemble where the total energy is a constant H0.
X p2
L
i
H=
+ V (q1 , . . . , qN ), with pi =
2mi
q̇i
i

Hamilton’s equations

•In Hamiltionian mechanics, a classical physical system is described by a set of

canonical coordinates (q,p) and a function (Hamiltonian) that represents the total
energy of the system. All possible pairs of (q,p) represent the phase space.

•In a simple onedimensional case,
p2
p = mv ; H(p, q) = T (p) + U (q) =
+ U (q)
2m

Hamilton’s equations are a system of two first-order differential equations governing motion.

Lagrangian vs. Hamiltonian

•Summarizing and bringing everything together: Lagrangian equations:
d L
dx q̇i

L
= 0,
qi

i = 1, . . . , n

•With the usual definitions of T and V, these equations lead to
¨i
~ i V = f~i = mi~r
r

•we can then transform the problem into a system of equations of first order,
introducing canonical momenta and the Hamiltonian:
pk =

@L
@ q̇k

H=

X
k

pk q̇k

˙
L(~
q ,~q)

@H
@qk
@H
q̇k =
@pk

ṗk =

•and in cartesian coordinates and simple cases this means that velocities are the
momenta divided by the mass and the time derivative of the momentum is the
force.

Conserved quantities

•In certain circumstances, a particular generalized momentum p can be conserved,
i.e. its time derivative is 0. The requirement is that the Hamiltonian is independent
of the corresponding (generalized) coordinate q.

•If potential and T do not depend explicitly on time, H is conserved (total energy is
conserved)

•For any set of particle, it is possible to choose six generalised coordinates that

correspond to translations of the center of mass and rotations about the center of
mass for the system as the whole. CHANGES IN THE REMAINING 3N-6
coordinates involve relative motion of the particles.

•If the potential depends only on the MAGNITUDE of the distances and without
external field, then H and L are independent of these six coordinates. The
corresponding conserved conjugate momenta are:

TOTAL LINEAR MOMENTUM P~ =

X

p~i

i

TOTAL ANGULAR MOMENTUM

~ =
L

X
i

~ri ⇥ p~i =

X
i

˙i
mi~ri ⇥~r

Time integration algorithm

•The engine of a molecular dynamics program is its time integration algorithm,
required to integrate the equation of motion of interacting particles and follow
their trajectory.

•Time integration algorithms are based on finite difference methods, where time
is discretized on a finite grid, the time step Δ beign the distance between
consecutive points on the grid.

•I know positions, velocities... at time t, and the scheme gives the same
quantities at time t+Δ.

•All that is connected with truncation errors (Taylor’s expansion, etc.) and
round-off errors (precision of the machine, implementation).

•Decreasing Δ improves truncation errors,

and round-off errors dominate for

small Δ.

•One of the most popular algorithms: Verlet algorithm

Derivation of Verlet from discretization of least action
principle
We start from the discretization of the action integral:
I=

Z

N
X1

t2

L dt ⇥

t1

T (q (n) , q̇ (n) )

n=0

✓ (n+1)
N
X
q
1
m
2
n=0

⇥

◆2

q (n)

V (q (n) )
V (q (n) )

and we note that the variation becomes a standard derivation in this case.
I

0=

q (k)
q

(k+1)

=

m

= 2q

2

(q

(k)

(k)

q

q

(k 1)

(k 1)

)

+ F (q

m
2
(k)

(q

(k+1)

q

(k)

)

V (q k )
q (k)

2

)

m

This algorithm has an error of O(Δ4) and does not include explicit calculation of the
velocities.

Velocity Verlet algorithm
An alternative implementation is the so-called velocity Verlet. Positions, velocities and accelerations
at time t+1 are obtained from the same quantities at time t in the following way:

1
F (q (k) )
2m
1
1
v (k+ 2 ) = v (k) +
F (q (k) )
2m
1
1
v (k+1) = v (k+ 2 ) +
F (q (k+1) )
2m

q (k+1) = q (k) + v(k)

Update forces

+

2

Both Verlet form have nice properties:

•Conserve the total energy
•Conserve phase space area
•Are time reversible
•Satisfy symplectic condition

(Marcella Iannuzzi)

Predictor-corrector algorithms
•Another important class of methods to integrate the equations of motion
•The most common of these algorithms are due to Gear, and consist of
three steps:

•Predictor. From the positions and their time derivatives up to a certain

asddss

order q, all known at time t, one “predicts” the same quantities at time
t+Δt, by means of a Taylor expansion. Among these quantities are, of
course accelerations a.

•Force evaluation. The force is computed taking the gradient of the

potential at the predicted positions. The resulting acceleration = f/m will
be in general different from the “predicted acceleration”. The difference is
an “error signal”

•Corrector. This error signal is used to “correct” positions and their

derivatives. All corrections are proportional to the error signal, with a
coefficient of proportionality being a “magic number” determined to
maximize the stability of the algorithm.

(Almost) no algorithm will save us from divergence of trajectories

• A tiny error in the initial coordinate will soon lead to mutual divergence of two trajectories, which in turn will
probably both differ from the exact solution of Newton’s equation

• This should not disturb since the goal of MD is to have exact solutions for times comparable with the

correlation times of interest (time correlation functions) and to generate states sampled from a certain
statistical ensemble (example: microcanonical). So energy conservation is important.

• Energy conservation experiences degradation as the time step is increased
• Shorter time-steps at high temperatures and for rugged PES.

Shifted potentials

•The truncation of the intermolecular potential at a cutoff introduces some
difficulties in defining a consistent potential and force in the MD method

•The function V(r ) used in a simulation contains a discontinuity at r =r

:
whenever a pair of atoms/molecules cross this boundary, the total energy will
not be conserved. One can shift the potential function by an amount vc=V(rc)
ij

ij

•Still, the force is discontinuous at r =r

c

: one can modify this shift for having also the
force continuous. In this second modification, the form of the potential is modified,
and the averages have to be corrected at the end of simulation (Stoddard and Ford
ij

c

Periodic boundary conditions

•A box is replicated throughout space to form an infinite lattice
•As a molecule moves in the original box, its periodic image in each of the
neighbouring boxes moves in exactly the same way

•Thus, as a molecule leaves the central box, one of its images will enter through
the opposite face

•There are no surface molecules in the periodic directions
•Only the coordinates of the central box must be stored

Minimum image convention
•In principle, one must include interactions between all images in the
periodic boxes (periodic boundary conditions).

•In case of short range forces, the minimum image convention
(m.i.c.) can be used:

•Consider molecule 1 to rest at the centre of a region which has the
same shape/size of the simulation box

• m.i.c. assumes that molecule 1 interacts only with all the molecules
whose centres lie within this region: 1/2 N(N-1) interaction terms

•If now we suppose that we use a potential with a finite range R

c

:

when separated by a distance d> Rc , molecules do not interact

•To be consistent with the m.i.c., the box must have size larger than
2Rc along each direction

•This gives a reduction by a factor 4π R /3L
c

3

in the number of

neighbours.

•Then, particle 1 in the box can interact with images of particle 4, or
with particle 4 itself

•We choose the closest image of particle 4 to particle 1 since at most
one 1-4 pair (formed by 1 and all possible images of 4) will interact

•Only the closest image is candidate to interact: the others
certainly do not.

Applying periodic boundary conditions

•We check whether the coordinates are within the box

(-Lx/2,Lx/2) ,(-Ly/2,Ly/2) ,(-Lz/2,Lz/2)

and we “refold” them (ANINT:nearest integer):
IF (X(I)>LX/2) X(I)=X(I)-LX
IF (X(I)<-LX/2) X(I)=X(I)+LX
IF (Y(I)>LY/2) Y(I)=Y(I)-LY
IF (Y(I)<-LY/2) Y(I)=Y(I)+LY
IF (Z(I)>LZ/2) Z(I)=Z(I)-LZ
IF (Z(I)<-LZ/2) Z(I)=Z(I)+LZ

OR

X(I)=X(I)-LX*ANINT(X(I)/LX)
Y(I)=Y(I)-LY*ANINT(Y(I)/LY)
Z(I)=Z(I)-LZ*ANINT(Z(I)/LZ)

•Similar procedure for the distance between two particles, using the minimum image
convention:

XIJ=X(I)-X(J)
YIJ=Y(I)-Y(J)
ZIJ=Z(I)-Z(J)
IF (XIJ>LX/2) XIJ=XIJ-LX
OR
IF (XIJ<-LX/2) XIJ=XIJ+LX
IF (YIJ>LY/2) YIJ=YIJ-LY
IF (YIJ<-LY/2) YIJ=YIJ+LY
IF (ZIJ>LZ/2) ZIJ=ZIJ-LZ
(ZIJ<-LZ/2)
Then theIFsquare
of theZIJ=ZIJ+LZ
distance is computed and

•

potential:

XIJ=X(I)-X(J)-LX*ANINT((X(I)-X(J))/LX)
YIJ=Y(I)-Y(J)-LY*ANINT((Y(I)-Y(J))/LY)
ZIJ=Z(I)-Z(J)-LZ*ANINT((Z(I)-Z(J))/LZ)

compared with the square of cutoff of the

RIJSQ=XIJ*XIJ+YIJ*YIJ+ZIJ*ZIJ
IF (RIJSQ < RCUTSQ)THEN
!COMPUTE FORCES
END IF

Initialization of a simulation

•In a crystal, small random displacements are added to the lattice position, a few
percent of the lattice spacing is adequate

•Initial velocities are assigned taking them from a Maxwell distribution at a certain
temperature T. The linear momentum (and angular as well for molecules) is
usually subtracted to have a conserved zero total momentum in the simulation.

•For the rest of the simulation, it depends on the kind of example we want to
simulate.

•A trivial way is through a “modified Velocity Verlet algorithm”, a simple method
that is only used to reach equilibration:

v

(k+ 12 )

=

r

T0 (k) 1 (i)
v + a
(k)
2
T

•Any physical quantity will approach its equilibrium value exponentially with time
with a certain relaxation time.

How to find the neighbours of an atom
CELL LIST: scales like C*O(N)
only about 16% of the atoms interact

VERLET LIST: scales like O(N2)
combined with cell list: O(N)
careful skin value: update every several steps

(From: Piotr Janik, Next-Generation Molecular Workbench, http://blog.concord.org/optimizing-short-range-and-long-range-atomicinteractions)

Verlet neighbour lists

•In the inner loops of the MD programs, we consider a molecule i and loop over all molecules j

to calculate the

minimum image separations.

•If the separation is greater than cutoff, the neighbor is not considered. This method has a scaling of O(N )
2

•Verlet (1967) suggested a technique to have list of neighbors updated only every several steps. Namely:
•Choose a sphere with radius r >r
1

c (skin);

•Build an array LIST with all neighbors of all atoms, and a indexing array POINT
•Use the list in the force/energy evaluation routine
•The list is reconstructed when the atom with the maximum velocity can in principle cross the whole skin
•Compromise between thick skin (less updates, more neighbors) and thin skin (more updates, less neighbors)

MDBENCH

•A benchmark for MD simulations developed by Furio Ercolessi in the 80’s and
maintained until 2000.

•On my Macbook pro (without any tweaking) about 0.8 s, on a Nehalem core
0.5 s

Long range forces

We need a technique for efficiently summing the interaction between a charged
ion and all its periodic images.
Ion 1 in the figure interacts with ion 2, ion 2A, 2B, 2C... and all other images.
The potential energy can be written as
VCoulomb

0
1
N
N
1 X 0 @X X zi zj A
,
=
2
|r
+
n|
ij
i=1 j=1
n

where the sum runs over all lattice points n=(nx L, ny L, nz L), the prime indicate
that we omit i=j in the same cell for n=0.
For long-range potentials, this sum is conditionally convergent: it depends on
the order by which we perform the sum over images. Next lecture: Ewald.

Simple statistical quantities to measure

We can consider the instantaneous value of a physical property A:
A(t) = f (r1 (t), . . . , rn (t), v1 (t), . . . , vn (t))
and obtain its average
NT
1 X
hAi =
A(t)
NT t=1

Trivial properties to be averaged are potential energy, kinetic energy, total
energy, temperature, caloric curve (see next lecture about melting).

Mean square displacement

•The mean square displacement of atoms in a simulation can be easily
computed by its definition:

D

MSD = |r(t)

r(0)|

2

E

•with average over all atoms; be careful about refolding.
•In particular this can be used to compute the diffusion coefficient D (in 3D)
1 D
D = lim
|r(t)
t!1 6t

r(0)|

2

E

Pressure

•Measurement of pressure in an MD simulation is based on the Clausius virial
function

W (r1 , . . . , rN ) =

N
X
i=1

ri · FiTOT

•and an external force (from the container) and an internal one (from
interatomic interactions) can be calculated.

•The final formula allows to estimate pressure from MD (virial equation):
P V = N kB T

1
D

*

N
X
i=1

ri · F i

+

Real space correlations

•Real space correlation functions are of the form:
D

A(r)A(0)

E

•and are simple to obtain in MD, by extracting A(r) from several configurations,
compute the correlation function for each configuration and average over all
available configurations.

•Simplest example: radial distribution function g(r).
•g(r) is the probability to find a pair a distance r apart, relative to what
expected for a uniform random distribution of particles at the same
density
⇥g(r) =

1
N

*

N
X

N
X

(r

i=1 j=1,j6=i

rij )

+

•the average number of atoms
Z in a certain shell can be computed:
r2

⇥

r1

g(r)4 r2 dr.

Algorithm for extracting the g(r)
…(ZERO HIST ARRAY)…
DO L = 1 , NCONF
DO I = 1 , N-1
DO J = I+1 , N

•N

CONF Configurations

are read from the filesystem in turn

• Minimum image separations r

… (calculate minimum image distances)…
RIJSQ = XIJ * XIJ + YIJ * YIJ + ZIJ * ZIJ
RIJ = SQRT ( RIJSQ )

ij

of all the pairs of atoms are calculated

BIN = INT ( RIJ / DELR ) + 1

• Separations are sorted into an histogram with bin width DELR

IF ( BIN < MAXBIN ) THEN

• The histogram is normalized and g(r) is plotted. It tends to 1

END IF

(uncorrelated)

HIST (BIN) = HIST (BIN) + 2

END DO

nhis (b)
n(b) =
N ⇥ NCONF

nid (b) =

4⇡⇢ ⇥
(r + r)3
3

1
g(r + r) = nid (b)
2

END DO
END DO

r3

⇤

VOL = LX * LY * LZ
RHO = N / VOL
CONST = 4 * PI * RHO
DO BIN = 1 , MAXBIN
RLOWER = ( BIN - 1 ) * DELR
RUPPER = RLOWER + DELR
NIDEAL = CONST * ( RUPPER ^ 3 - RLOWER ^ 3 )
RMIDDLE(BIN) = RLOWER + DELR/2
GR(BIN) = HIST(BIN) / NCONF / N / NIDEAL
ENDDO
… (output RMIDDLE() AND GR())…

g(r) in a solid, liquid and gas phase

in the liquid the first peak (first neighbors)
survive
The structure factor, obtained by X-Ray
diffraction, is its Fourier transform
I(Q)
S(Q) =
=1+
IP.G.

Z

exp(iQ · r)(g(r)

1)d3 r

iodotrimethylsilane (ITMS): electron
diffraction and theoretical g(r)

Thermostats

The simulation box is in contact with a “bath”. Depending on the
different statistical ensemble we want to simulate, the simulation box
exchanges with the rest of the world:
•heat (imposed temperature)
•mechanical work (imposed pressure)
•particles (imposed chemical potential)

Ensembles

Goal of MD: obtaining ensemble averages from trajectory

Molecular dynamics at constant temperature
• What do we mean with “constant temperature”? We bring our system into thermal contact with a large heat bath.
• Under those conditions, the probability of finding the system in a given energy state is given by the Boltzmann distribution
• For a classical system the Maxwell-Boltzmann velocity distribution follows:
P(p) =

✓

2⇡m

◆3/2

exp

⇥

p2 /(2m)

⇤

:=

1
kB T

• There is a simple relation between the imposed temperature T and the translational kinetic energy per particle:
⌦ ↵
kB T = m v↵2

• The instantaneous temperature for a system obeying the Maxwell-Boltzmann distribution is related to the kinetic energy per particle and fluctuates:
2
Tk
2
hTk iNVT

• The instantaneous kinetic temperature T

=

2
3N

k fluctuates in the canonical ensemble. So it is not a good idea to use methods that simply rescale kinetic
energy to the exact temperature, since they will not sample the correct velocity distribution. We need more advanced approaches, so called
“thermostats”

Examples of thermostats (more extensive: a next lecture)

How to control temperature

•Velocity rescaling (see modified velocity Verlet). Example (G. Bussi):

•Is it a good idea in order to “sample” the correct statistical ensemble?

Better velocity rescaling: CSVR

•Since the same rescaling factor is used for all particles, there is no effect on
bond lengths or center of mass motion

•However fluctuations are not sampled correctly: when averages are not in the
thermodynamic limit (Ex: small systems) the method cannot be used

•We enforce a canonical distribution for the kinetic energy: we select a target

value Kt with a stochastic procedure aimed at obtaining the desired ensemble:
we draw it from the probability distribution for the kinetic energy

•This stochastic dynamics involves a first order differential equation in K, coupling
with a heat bath, a time constant (that can be tuned) and Wiener noise:

Andersen thermostat: stochastic
•The system is coupled to a heat bath that imposes the desired temperature
•The coupling is represented by stochastic impulsive forces that act occasionally on randomly
selected particles

•The coupling strength to the bath is determined by the frequency 𝜈 of stochastic collisions
•The distribution of collisions is of the Poisson form (time uncorrelated collisions)
P (t, ⌫) = ⌫ exp[ ⌫t]

1. Start with an initial set of positions and momenta. Integrate the equations of motion for a time Δt
2. A number of particles are selected to undergo a collision with the heat bath (a particle is selected
with probability 𝜈Δt
3. If a particle i has been selected to undergo a collision, its new velocity will be drawn from a
Maxwell-Boltzmann distribution (Gaussian) corresponding to the desired temperature T. All other
particles are unaffected by the collision.

•This turns the MD simulation into a Markov process.
•It can be shown that this algorithm generates a canonical distribution.
•It is easily integrated in a “velocity Verlet” algorithm

Langevin thermostat

•The system is thought to interact with a “solvent” of small fictional particles

with a damping force. Such small particles move with kinetic energy and give
random kicks to the large particles.

•The damping coefficient 𝛾 and the variance of the random forces are

connected by a fluctuation-dissipation relation in order to recover the
canonical ensemble contribution:

Nosé-Hoover thermostat: deterministic

•Nosé has shown in year 1984 that one can perform deterministic Molecular
Dynamics at constant temperature.

•His approach is based on the clever use of an extended Lagrangian (or
Hamiltonian); that is, a Lagrangian (or, after Legendre transformation,
Hamiltonian) that contains additional, artificial coordinates and velocities
(momenta).

Nosé-Hoover thermostat

•Nosé-Hoover thermostat: introduce an additional degree of

freedom that lets the system drift toward the target temperature.

•There is a time-dependent frictional term, whose time evolution
is driven by the imbalance between the instantaneous kinetic
energy and the average kinetic energy 3N/2 kB T.

•The “extended Hamiltonian” is conserved:
•In an ergodic system (time averages=ensemble averages),
these equations give rise to the Canonical distribution

•In large systems, it may be more difficult to efficiently sample the
phase space. So we add more fluctuations, that is more
frictional terms, improving ergodicity.

•In CP2K the default chain length is 3. Choice of the mass Q affects

the convergence toward the canonical distribution, and also some
velocity-dependent quantities like diffusion coefficient. For the latter,
it is always better to perform NVE simulations.

(after G. Bussi)

From thermodynamics to surface energy
•In equilibrium, a bulk one-component system is characterized completely by its internal energy, U, which
is a unique function of the entropy, volume and particle number (three extensive properties) of the
system:

U = U (S, V, N ),
dU =

@U
@S

dU = T dS

dS +
V,N

dV +
S,N

@U
@N

dN,
S,V

P dV + µdN.

•The fact that U is an extensive property
leads to the Euler equation
and the Gibbs-Duhem relation:

@U
@V

U ( S, V, N ) = U (S, V, N ),

U = TS
SdT

P V + µN

V dP + N dµ = 0.

•When we cleave the bulk and create a surface of area A from an infinite solid, the total energy

increases by an amount proportional to the area A. The constant of proportionality γ is called
“surface tension” (surface specific free energy):

U = TS

P V + µN + A.

•In case we stretch a SOLID SURFACE by small amounts,

we can define the surface stress as the matrix of the derivatives of U w.r.t. the strains:

@U
dU =
@S
dU = T dS

@U
dS +
@V
V,N,A

@U
dV +
@N
S,N,A
X
P dV + µdN + A
ij d✏ij
i,j

X @U
dN + A
@✏ij
S,V,A
i,j

d✏ij ,
S,V,N

ij

=

ij

@
+
@✏ij

T

Surface stress vs. surface tension
(in a liquid they are the same)

Estimates of the surface free energy
Units

Modeling surfaces: slab model

•A slab with two surfaces is modeled
•Lateral periodicity
•Thick vacuum orthogonal to the surface
•Thick slab to mimic the semi-infinite solid
•Beware of asymmetries along the vertical

direction (dipole moments to be corrected
in the long range limit)

Computing surface energy density from slab
calculations
•Compute the energy of a bulk system with N

atoms and extract the bulk energy per atom:

bulk

✏bulk

Ebulk
=
Nbulk

•Compute the energy of a slab with two equivalent surfaces with N

Ly

from the surface slab energy, and divide by the surface areas:

Esurf slab

surface

surf_slab atoms

•Subtract the bulk energy times the number of surface slab atoms

=

Lx

Lz
surface

Nsurf slab ✏bulk
2Lx Ly

•This procedure has convergence problems, it is better to repeat the calculation for slabs of increasing
thickness and then extrapolate the result

Molecular orbital theory
Molecular and Materials Modelling (MMM)
Daniele Passerone
Empa, Swiss Federal Laboratories for Materials Science and Technology
Ueberlandstrasse 129, 8600 Dübendorf
daniele.passerone@empa.ch

Reference for today

Describing microscopic systems

•Fundamentals of quantum mechanics
•Semiempirical models
•Hartree-Fock methods
•Accounting for electron correlation
•Density functional theory

Quantum mechanics and molecular orbital theory

•Cramer, chapter 4 (see pdf)
•Miessler, chapter 5 (see pdf)

Fundamentals of quantum mechanics

•The wave function exists for any (chemical) system
•Appropriate operators return the observable properties of that system

•The product of the wave function times its complex conjugate has the
dimension of a probability density

•|Ψ*Ψ| integrated within some region of a multi-dimensional space is the
probability to find the system in that space.

•To this point,

Ψ has to be seen like an “oracle”: when queried with questions
by an operator, it returns answers.

The Hamiltonian operator

•The operator that returns the system energy

E is called Hamiltonian operator

H. This is the Schrödinger equation:

•Typical form of H:

•In cartesian coordinates:
•In position representation:
•Schrödinger equation has many acceptable eigenfunctions ψ

Orthonormality

•We assume that the wave functions solutions of the eigenvector problem for H
are complete and orthonormal. For a system of one particle:
(in compact notation for 3n particles:

•We multiply the equation on the left

for a specific Ψi and

•Orthonormality leads to the following equation, that allows to find the total
energy if the wave function Ψ is known.

)

A tool to compute the wavefunction: variational principle

•Since the set of molecular wave functions

Ψi is complete, we can expand
and arbitrary function of electronic and nuclear coordinates as:

•as a consequence of its orthonormality, we can evaluate the energy
associated:

•now we note that (postulate of quantum mechanics) there is a lowest energy

of the system, the lowest possible energy E0 (in classical mechanics, this is not
true). By including “1” in the equation above on the right,

•and given the definition of E

0 we

can write:

Variational principle

•This principle tells us that the best trial wave function for obtaining the ground
state energy E0 is the one with the lowest possible value of the l.h.s.

•We can choose the function Φ not only as a combination of eigenfunctions of
Schrödinger equations (we don’t know them!) but as a combination of any
functions we wish.

Born-Oppenheimer approximation

•Under typical physical conditions, the nuclei move much more slowly than the
electrons

•For practical purposes, electron “relaxation” with respect to nuclear motion is
instantaneous

•So we decouple these two motion and compute electron energies for fixed
nuclear positions. The electronic Schrödinger equation is taken to be

•and the nuclear coordinates q

are taken to be parameters. The nuclearnuclear interaction energy is taken to be a constant for fixed nuclear positions.
Eel is called “electronic energy” and sometimes is obtained without the
constant value VN (pure electronic energy).
k

Linear combination of atomic orbitals

•We construct a wave function as combination of atomic wave functions, called
“basis set”. They are usually centred on the atoms, but this is not always the
case (see example below)

•To describe the CH bonding we can use a polarised (p) function on hydrogen
or a set of s functions along the bond.

Atomic orbitals

•Eigenfunctions for the electron in the field of the nucleus (hydrogen atom):
angular functions

Selected atomic orbitals

•The angular functions determine how the

probability changes from point to point at a
given distance from the center of the atom:

•Radial dependence:

Hydrogen molecule

•LCAO for diatomic molecules:

Bonding vs. antibonding orbitals

Interaction of p orbitals

Rules for MO theory
1. The interaction of n atomic orbitals (AO) leads to the formation of n molecular orbitals (MO). If n=2, one MO is
bonding, one anti bonding (less stable).

2. If the AOs are degenerate, their interaction is proportional to their overlap integral S

3. Orbitals must have the same symmetry (same irreducible representation) to have non-zero overlap

4. If the AOs are non-degenerate, their interaction is proportional to S2/ΔE, where ΔE is the energy separation between
the AOs. In this case the bonding orbital is mostly localized on the atom with the deeper lying AO, usually the more
electronegative atom. The antibonding orbital is mostly localized on the atom with the higher AO.

Molecular orbitals for simple diatomic molecules

Electrons fill the molecular orbitals according to the same rules
that govern the filling of atomic orbitals, filling from lowest to
highest energy (aufbau principle), maximum spin multiplicity
consistent with the lowest net energy (Hund’s rules), and no
two electrons with identical quantum numbers (Pauli exclusion
principle).
The most stable configuration of electrons in the molecular
orbitals is always the configuration with minimum energy, and
the greatest net stabilization of the electrons.
It is generally sufficient to consider only valence electrons. For
example, O2,
with 10 electrons in bonding orbitals and 6
electrons in antibonding orbitals, has a bond order of 2, a double
bond. Counting only valence electrons, 8 bonding and 4
antibonding, gives the same result.
Because the molecular orbitals derived from the 1s orbitals
have the same number of bonding and antibonding electrons,
they have no net effect on the bond order.

Orbital potential energies and CO
Obtained by photoelectron spectrescopy, The
application of molecular orbital theory to
heteronuclear diatomic molecules is similar to
its application to homonuclear diatomics, but
the different nuclear charges of the atoms
require that interactions occur between
orbitals of unequal energies and shifts the
resulting molecular orbital energies. In dealing
with these heteronuclear molecules, it is
necessary to estimate the energies of the
atomic orbitals that may interact.

Application to FHF-

•Group orbitals: collections of matching orbitals at outer atoms
•In this case, they are built up using the outer (valence) orbitals of fluorine: 2s
and 2p

•These group orbitals should be viewed as sets of orbitals that potentially could
interact with central atom orbitals. Group orbitals are the same combinations
that formed bonding and antibonding orbitals in diatomic molecules (e.g., pxa +
pxb, pxa - pxb), but now are separated by the central hydrogen atom.

FHF-: interaction with central hydrogen
The central hydrogen atom in FHF-, with only its 1s orbital available for
bonding, is only eligible on the basis of its symmetry to interact with
group orbitals 1 and 3; the 1s orbital is nonbonding with respect to the
other group orbitals.

The non-bonding orbitals on F atoms contain lone pairs of electrons,
delocalised on the two atoms
The Lewis approach to bonding requires two electrons to represent a
single bond between two atoms and would result in four electrons
around the hydrogen atom of FHF- .
The molecular orbital model, on the other hand, suggests a 2-electron
bond delocalized over three atoms (a 3-center, 2-electron bond).
The bonding MO formed from group orbital 3 shows how the molecular
orbital approach represents such a bond: two electrons occupy a lowenergy orbital formed by the interaction of all three atoms (a central
atom and a two-atom group orbital).

In the book: cases of water and ammonia

Hydrogen molecular orbitals

•http://www.falstad.com/qmmo/

Nitrogen molecular orbitals

•http://www.chemtube3d.com/orbitalsnitrogen.htm

The secular equation

•The goal is now is to evaluate the energy of our guess wave function

•Hij and Sij are called “resonance integral” and “overlap integral” respectively.
They are complicated by the fact that the basis set element are not
orthonormal. We now minimise the energy with respect to the coefficients

•Condition for the non-trivial solution gives the secular equation:

Secular equation solution

•There will be N roots E which permit the secular equation to be true, each with
j

a different set of coefficients aij (eigenvectors) which define an optimal wave
function within the given basis set:

1. Select a set of N basis functions.
2. For that set of basis functions, determine all N2 values of both Hij and Sij .
3. Form the secular determinant, and determine the N roots Ej of the secular
equation.
4. For each of the N values of Ej , solve the set of linear equations in order to
determine the basis set coefficients aij for that molecular orbital.

Hückel theory: a simplified basis set for hydrocarbons (1930)

Application to the Allyl System (C3H3)

•There are three carbon atoms and the basis set consists of 3 carbon 2p
orbitals, one entered on each atom. The secular equation reads:

Finding the MO (ground state) associated with the lowest energy

•We substitute in the linear

equations the lowest energy.

(+ normalization)

•We now include the basis

ground state

functions…

•The same exercise applied to the excited state
gives

so we found the bonding, non bonding, anti bonding MOs. Using the aufbau principle, we fill lowest energyy MO first, and we assume that each electron has the energy of the oneelectron MO that it occupies. If we have an allyl cation (2 electrons in the pc orbitals, overall), the energy is twice the energy E1

Secular equation… without Hückel approximations

•In the extended Hückel theory we ignore core electrons: their changes as a function
of environment are assumed of no chemical consequence (energetic or otherwise)

•Each remaining valence orbital is represented by a so-called Slater-type orbital, that
have the same angular dependence as the solution of the Schrödinger equation for
the hydrogen atom, and allow to compute overlap integrals at every instance:
ζ depends on the atomic number, n is principal quantum number

•Example: the MnO

4-

anion:

25 STO orbitals:
4*(1*s+3*p) oxygens
1*(1*s+3*p+5*d) manganese

•Resonance integrals H are assumed as “ionization potentials” on the diagonal, and
much more complicated off-diagonal.

Hartree product of wave functions

•Suppose that we write the Hamiltonian neglecting the interelectronic repulsion:

then the Hamiltonian is “separable” and then the eigenfunction is written as the
product of one-electron wave functions

•The energy is the sum of the one-electron energy (aufbau principle)

Adding the electronic repulsion

•We can use the Hartree product as the variational space to find the orbitals ψ
that minimise the energy from the true Hamiltonian (including the electronic
repulsion):

•It can be shown that each ψ is the eigenfunction of this operator:
i

where the last term is the Coulomb interaction with all other electrons

but since

, and the goal is to obtain the wave functions, how to use
them already in the one-electron Hamiltonians?

Hartree proposed in 1928 to adopt a self consistent strategy starting from an
initial guess, computing V, finding the new orbitals, and then pluggin them
again in V and so on. The total energy must account for double counting.

Introducing the fermion character of electrons

•All electrons are characterised by a spin quantum number. The spin

wavefunctions, denoted by α and β, are eigenfunctions of the operator Sz.

•Pauli exclusion principle, like spin is consequence of relativistic quantum
mechanics.

•It states that no two electrons can be characterised by the same set of

quantum numbers. Thus in a given MO I can have α and β . So if I have two
electrons that should have the same spin, they will not be in the same MO.
The TRIPLET state is written as:

•Pauli exclusion principle is derived from the feature that electronic wave

functions must change sign when the coordinates of two electrons are
interchanged. To this end, we modify the wave function by antisymmetrizing
it.

Slater determinants

•For N electrons, it can be shown that the conditions of antisymmetry is

expressed by writing the wave function as a determinant, called Slater
determinant:

in compact notation.

•This form respects the indistinguishability of electrons
•At variance with the Hartree product (which violates the nature of electrons) it
gives a nontrivial result for the average value of interelectronic repulsion:

Coulomb and exchange energy

•In the case of two electrons,

the Slater determinant is:

•and the interelectronic repulsion energy is reduced because it is less probable
for electrons with the same spin to be closer in space (Fermi hole):

usual Coulomb repulsion between the clouds
exchange energy

Exchange energy for electrons of opposite spin is
zero!

Hartree-Fock method

•Hartree-Fock method is the extension to Slater determinant of Hartree’s self
consistent field (SCF) procedure

•The interaction of each electron with the (static) field of all the other electrons
includes exchange effects on the Coulomb repulsion.

•Central to the HF method are the calculation of one electron integrals (kinetic
energy and interaction with the nuclei) and of two electron integrals with
appropriate index permutation (Coulomb and exchange energy)

Secular equation for HF
•The wave function for the orbital indexed by latin letters to be found is expanded in N basis

functions indexed by greek letters. The secular equation is derived by the one particle Fock
operator

• The following integrals must be computed, together with the ‘density matrix’ that runs over all

occupied orbitals
and considers the contribution of each basis function to each molecular orbital (coefficients to be determined
iteratively)

iterative
computed once for each geometry

Flow chart for Hartree-Fock

Basis sets

•Cramer, chapter 6 (see pdf)

Problems and limitations

•Hartree-Fock makes the fundamental approximation that each electron moves

in the static electric field created by all of the other electrons and then proceed
self-consistently

•Hamiltonian operator: electronic energy for the many-electron system
•Fock operator: a set of interdependent one-electron operators that are used
to find the one-electron MOs —> HF wave function as Slater determinant

•With an “infinite” basis set, the HF limit would be achieved, and only an energy
error called correlation energy Ecorr would remain as the different to the “true”
energy E

•The number of four-index integrals in the Secular equation is daunting: since
each index runs over the total number of basis functionals, there are in
principle N4 integrals to be evaluated!

Basis sets

•If the integrals in the secular equation were computationally easier to compute
with respect to Slater-type orbitals, one could use more basis functions and
spare time

•Gaussian-type orbitals (GTO) proposed by Boys (1950). In cartesian atomcentered coordinates:

i+j+k determines the orbital symmetry (s, p, d…). As the sum increases, the
possible combinations also increase, and faster than the number of solutions of
the hydrogen atom Schrödinger equation for that symmetry. Example: f-type
GTOs with i+j+k have 10 Cartesian functions, but in the hydrogen atoms we
would have 7.

Contracted Gaussian functions

•GTOs decay as an exponential in r , but the hydrogenic AOs are all
2

exponential in r radial decay.

•To improve the similarity, one can use linear combination of GTOs fit with
respect to a STO:

•If M is too large, the four-index two-electron integral becomes too complicated:

Example with 1s

•The optimal choice with respect to speed and accuracy was achieved for M=3,
appropriately fitting c coefficients and α exponents of the primitive Gaussians

•but one can increase the number of basis functions, for each of them a certain
number of Gaussian primitives

Dr. Jean M. Standard, Illinois State University

More basis functions: Pople’s N-M1G basis sets

Polarization and diffuse functions

Scaling of the computational time with basis set size

•The amount of time required by an HF calculation scales like the fourth power
of the number of basis functions!

•Consistent series of basis sets allow to extrapolate to the Hartree Fock limit by
increasing the number of functions for each AO, each of them being
contraction of Gaussians: cc-pVnZ is an example:

•ccpV6Z: each heavy atom has one i function, two h function, three g functions,
four f functions, five d functions and six valence s and p functions + core
functions: 140 basis functions for a single second-row atom!

From Hartree-Fock to Density functional theory
Molecular and Materials Modelling (MMM)
Daniele Passerone
Empa, Swiss Federal Laboratories for Materials Science and Technology
Ueberlandstrasse 129, 8600 Dübendorf
daniele.passerone@empa.ch

Hartree product of wave functions

•Suppose that we write the Hamiltonian neglecting the interelectronic repulsion:

then the Hamiltonian is “separable” and then the eigenfunction is written as the
product of one-electron wave functions

•The energy is the sum of the one-electron energy (aufbau principle)

Adding the electronic repulsion

•We can use the Hartree product as the variational space to find the orbitals ψ
that minimise the energy from the true Hamiltonian (including the electronic
repulsion):

•It can be shown that each ψ is the eigenfunction of this operator:
i

where the last term is the Coulomb interaction with all other electrons

but since

, and the goal is to obtain the wave functions, how to use
them already in the one-electron Hamiltonians?

Hartree proposed in 1928 to adopt a self consistent strategy starting from an
initial guess, computing V, finding the new orbitals, and then pluggin them
again in V and so on. The total energy must account for double counting.

Introducing the fermion character of electrons

•All electrons are characterised by a spin quantum number. The spin

wavefunctions, denoted by α and β, are eigenfunctions of the operator Sz.

•Pauli exclusion principle, like spin is consequence of relativistic quantum
mechanics.

•It states that no two electrons can be characterised by the same set of

quantum numbers. Thus in a given MO I can have α and β . So if I have two
electrons that should have the same spin, they will not be in the same MO.
The TRIPLET state is written as:

•Pauli exclusion principle is derived from the feature that electronic wave

functions must change sign when the coordinates of two electrons are
interchanged. To this end, we modify the wave function by antisymmetrizing
it.

Slater determinants

•For N electrons, it can be shown that the conditions of antisymmetry is

expressed by writing the wave function as a determinant, called Slater
determinant:

in compact notation.

•This form respects the indistinguishability of electrons
•At variance with the Hartree product (which violates the nature of electrons) it
gives a nontrivial result for the average value of interelectronic repulsion:

Coulomb and exchange energy

•In the case of two electrons,

the Slater determinant is:

•and the interelectronic repulsion energy is reduced because it is less probable
for electrons with the same spin to be closer in space (Fermi hole):

usual Coulomb repulsion between the clouds
exchange energy

Exchange energy for electrons of opposite spin is
zero!

Hartree-Fock method

•Hartree-Fock method is the extension to Slater determinant of Hartree’s self
consistent field (SCF) procedure

•The interaction of each electron with the (static) field of all the other electrons
includes exchange effects on the Coulomb repulsion.

•Central to the HF method are the calculation of one electron integrals (kinetic
energy and interaction with the nuclei) and of two electron integrals with
appropriate index permutation (Coulomb and exchange energy)

Secular equation for HF
•The wave function for the orbital indexed by latin letters to be found is expanded in N basis

functions indexed by greek letters. The secular equation is derived by the one particle Fock
operator

• The following integrals must be computed, together with the ‘density matrix’ that runs over all

occupied orbitals
and considers the contribution of each basis function to each molecular orbital (coefficients to be determined
iteratively)

iterative
computed once for each geometry

Flow chart for Hartree-Fock

Density functional theory

•The modern formulation of DFT originated in a famous paper by P. Hohenberg
and W. Kohn in 1964

•The density of particles has a special role in the ground state of a quantum
many-body system

•All properties of the system can be considered to be unique functionals of the
ground state density

•Mermin extended H-K arguments to finite temperature in 1965
•Kohn and Sham in 1965 published a classic work that makes a practical
ansatz to approach the solution of the DFT problem in a practical way

Density functional theory

•Cramer, chapter 8 (pdf), Kaxiras, chapter 2 (pdf)

Foundations: example of a functional

•Thomas and Fermi developed in 1927 a model to approximate the kinetic
energy of electrons in an atom

•At any point, the electrons are supposed to be homogeneously distributed
according to a density equal to the local density n(r).

•The quantisation of the electrons determines the number of electrons in a
certain small volume, and as a consequence of the value of n(r), their
maximum momentum

•This leads to the total kinetic energy of the electrons
•With the extension of Dirac we also include exchange:
KINETIC ENERGY

EXCHANGE ENERGY

INTERACTION WITH THE NUCLEI

COULOMB REPULSION BETWEEN ELECTRONS

Thomas-Fermi

•This simple model has drawbacks, neglects correlations and effect of

inhomogeneity of the density on kinetic energy… but gives a good idea of the
procedure to obtain the ground state energy and density:

•Minimize the functional E[n] with respect to all possible n(r) subject to the
constraint

•This leads to a relation between the density and the total potential at each
point:

•One equation for the density is remarkably simpler than the full many-body
Schrödinger equation that involves 3N degrees of freedom for N electrons.

•Thomas-Fermi approach was successfully applied to equations of state of the

elements, but is so crude that it misses binding energy of molecules and even
the shell structure of the atoms.

Hohenberg-Kohn theorems

•The approach of H-K is to formulate DFT as an exact theory of many-body

systems and applies to any system of interacting particles in an external
potential Vext(r), including any problem of electrons and fixed nuclei with the
following hamiltonian:

Hohenberg-Kohn theorems

How to practically solve the problem: Kohn-Sham

•The Kohn-Sham approach is to replace the difficult interacting many-body
system obeying the original Hamiltonian with a different auxiliary noninteracting system

•The assumption is that the ground state density is equal to that of some
chosen non interacting system.

• This leads to independent-particle equations that can be considered exactly

soluble with all the difficult many-body terms incorporated into the exchangecorrelation functional of the density.

•By solving the equations one finds the ground state energy and density of the
original interacting system with the accuracy limited only by the
approximations in the exchange and correlation potential.

Kohn-Sham ansatz in two points:

One-particle Hamiltonian

•The actual calculations are performed on the auxiliary independent-particle
system with the Hamiltonian (the form of the potential is still unspecified)

•This Hamiltonian has eigenfunctions (orbitals) and eigenvalues. The density of
the auxiliary system, independent-particle kinetic energy, and Hartree energy
can be defined

•Kohn-Sham: rewrite the H-K expression for the ground state energy in terms
of these terms from the non-interacting problem:

•Meaning of the last term: difference between true and non-interacting problem.
•The key is finding an approximate form for E

xc

Kohn-Sham equations

•KS equations are obtained by recalling the separable form of the independent
particle kinetic energy

•This leads to the one-particle Kohn-Sham equations

•The K-S equations have the form of independent one-particle equations, with
a potential that must be found self-consistently with the resulting density.

Exchange-correlation energy

•The independent particle kinetic energy and the Coulomb long-range repulsion

(Hartree) are not included in Exc which can be then considered local or quasi-local

•and its functional derivative is the exchange and correlation potential:
•The simplest approximation is local density approximation (LDA, or LSDA with spin):

the exchange-correlation energy density at each point is assumed to be the same as in a
homogeneous electron gas with that density

•The exchange energy of such a system is given by a simple analytic form, the correlation

energy instead has been computed numerically with Monte Carlo methods by Ceperley and
Alder.

•Corrections including gradients of the density are called “generalized gradient

approximations” (GGA) (generalized because include functions of the gradient that are also
valid at large gradients, in order to preserve desired properties).

GGA forms and performance (Skylaris, Southampton University)

•Most GGA functionals are constructed in the form of a correction term which is
added to the LDA functional

Lattice constants in solids: LDA overestimates, GGA underestimates.

Adsorption and binding energy: LDA overbinds, GGA underbinds:

(Favot, Dal Corso and Baldereschi 2000)

Tutorials…

•https://www.cp2k.org/docs

Pseudopotentials

•The pseudopotential is an effective potential

constructed to replace the atomic all-electron
potential (full-potential) such that core states
are eliminated and the valence electrons are
described by pseudo-wavefunctions with
significantly fewer nodes.

format in CP2K

Pseudopotentials optimisation (S. Ling, UCLondon)

(Hutter et al., PRB 1998)

Discussion of the paper

Read these 4 slides!!!!
Exchange and correlation… a bit more formal

CP2K, Basis set superposition error, Coulomb interaction
Molecular and Materials Modelling (MMM)
Daniele Passerone
Empa, Swiss Federal Laboratories for Materials Science and Technology
Ueberlandstrasse 129, 8600 Dübendorf
daniele.passerone@empa.ch

Acknowledgments for today

•Marcella Iannuzzi (UZH) Electrostatics

•Book: Chapter 6 of

https://onlinelibrary.wiley.com/doi/book/
10.1002/9780470164112
Schoen, M. & Klapp, S. in Rev. Comput. Chem. (Lipkowitz, K. & Cundari,
T.) 301–340 (John Wiley & Sons, Inc., 2007). doi:
10.1002/9780470164112.ch6

•Book: Frenkel-Smit, Understanding Molecular Simulation, Academic
Press

Richard Martin eBook

available here:
https://www.cambridge.org/core/books/electronic-structure/
DDFE838DED61D7A402FDF20D735BC63A
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3.6 Exchange and correlation

since all effects of correlation are omitted. Nevertheless, it is very valuable to have a rigorous
understanding of the eigenvalues, which is provided by Koopmans’ theorem:
The eigenvalue of a filled (empty) orbital is equal to the change in the total energy (3.44), if an electron
is subtracted from (added to) the system, i.e. decreasing (increasing) the size of the determinant by
omitting (adding) a row and column involving a particular orbital φ j (ri , σi ), keeping all the other
orbitals the same.

Koopmans’ theorem can be derived by taking matrix elements of (3.45) with the normalized orbital ψiσ ∗ (r) (see Exercise 3.18). For occupied states, the eigenvalues are lowered
by the exchange term, which cancels the spurious repulsive self-interaction in the Hartree
term. To find the energies for addition of electrons, one must compute empty orbitals of
the Hartree–Fock equation (3.45). For these states there also is no spurious self-interaction
since both the direct and the exchange potential terms in (3.45) involve only the occupied
states. In general, the gap between addition and removal energies for electrons are greatly
overestimated in the Hartree–Fock approximation because of the neglect of relaxation of
the orbitals and other effects of correlation.
In finite systems, such as atoms, it is possible to improve upon the use of the eigenvalues
as approximate excitation energies. Significant improvement in the addition and removal
energies result from the “delta Hartree–Fock approximation,” in which one calculates total
energy differences directly from (3.44), allowing the orbitals to relax and taking into account
the exchange of an added electron with all the others. The energy difference approach for
finite systems can be used in any self-consistent field method; hence the name “$SCF.”
Illustrations are given in Sec. 10.6.

3.6 Exchange and correlation
The key problem of electronic structure is that the electrons form an interacting many-body
system, with a wavefunction, in general, given by %({ri }) ≡ %(r1 , r2 , . . . , r N ), as discussed
in Sec. 3.1. Since the interactions always involve pairs of electrons, two-body correlation
functions are sufficient to determine many properties, such as the energy given by (3.9).
Writing out the form for a general expectation value (3.7) explicitly, the joint probability
n(r, σ ; r′ , σ ′ ) of finding electrons of spin σ at point r and of spin σ ′ at point r′ , is given by
n(r, σ ; r′ , σ ′ )
!
"
=
δ(r − ri )δ(σ −
i̸= j

= N (N −

1)

" $

σ3 ,σ4 ,...

′

σi )δ(r −

r j )δ(σ −
′

#

σj)

(3.49)

dr3 · · · dr N |%(r, σ ; r′ , σ ′ ; r3 , σ3 ; . . . , r N , σ N )|2 , (3.50)

assuming % is normalized to unity. For uncorrelated particles, the joint probability is
just the product of probabilities, so that the measure of correlation is $n(r, σ ; r′ , σ ′ ) =
n(r, σ ; r′ , σ ′ ) − n(r, σ )n(r′ , σ ′ ), so that
n(r, σ ; r′ , σ ′ ) = n(r, σ )n(r′ , σ ′ ) + $n(r, σ ; r′ , σ ′ ).
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Theoretical background

It is also useful to define the normalized pair distribution,
g(r, σ ; r′ , σ ′ ) =

n (r, σ ; r′ , σ ′ )
"n (r, σ ; r′ , σ ′ )
=1+
,
n (r, σ )n (r′ , σ ′ )
n (r, σ )n (r′ , σ ′ )

(3.52)

which is unity for uncorrelated particles so that correlation is reflected in g(r, σ ; r′ , σ ′ ) − 1.
Note that all long-range correlation is included in the average terms so that the remaining
terms "n (r, σ ; r′ , σ ′ ) and g(r, σ ; r′ , σ ′ ) − 1 are short range and vanish at large |r − r′ |.
Exchange in the Hartree–Fock approximation
The Hartree–Fock approximation (HFA) consists of neglecting all correlations except those
required by the Pauli exclusion principle; however, the exchange term in (3.44) represents
two effects: Pauli exclusion and the self-term that must be subtracted to cancel the spurious
self-term included in the direct Coulomb Hartree energy. The effect is always to lower the
energy, which may be interpreted as the interaction of each electron with a positive “exchange hole” surrounding it. The exchange hole "n x (r, σ ; r′ , σ ′ ) is given by "n (r, σ ; r′ , σ ′ )
in the HFA, where # in (3.50) is approximated by the single determinant wavefunction $
of (3.43). If the single-particle spin-orbitals φiσ = ψiσ (r j ) × αi (σ j ) are orthonormal, it is
straightforward (Exercise 3.13) to show that the pair distribution function can be written
"
"2
1 ! "" φi (r, σ ) φi (r′ , σ ′ ) ""
n HFA (r, σ ; r′ , σ ′ ) =
,
(3.53)
2! i j "φ j (r, σ ) φ j (r′ , σ ′ )"

and the exchange hole takes the simple form

"
"2
"!
"
"
"
"n HFA (r, σ ; r′ , σ ′ ) = "n x (r, σ ; r′ , σ ′ ) = − δσ σ ′ "
ψiσ ∗ (r)ψiσ (r′ )" .
" i
"

(3.54)

It is immediately clear from (3.51) and (3.54) that the exchange hole of an electron involves
only electrons of the same spin and that the probability vanishes, as it must, for finding
two electrons of the same spin at the same point r = r′ . Note that from (3.54) and (3.41), it
follows that in the HFA "n x (r, σ ; r′ , σ ′ ) = − δσ σ ′ |ρσ (r, r′ )|2 , where ρσ (r, r′ ) is the density
matrix, which is diagonal in spin.
This is an example of the general property [263] that indistinguishability of particles
leads to correlations, which in otherwise independent-particle systems can be expressed in
terms of the first-order density matrix:
"n ip (x; x ′ ) = ±|ρσ (x, x ′ )|2 ,

(3.55)

|ρσ (x, x ′ )|2
,
n (x)n (x ′ )

(3.56)

or
gip (x; x ′ ) = 1 ±

where the plus (minus) sign applies for bosons (fermions) and x incorporates all coordinates including position r and spin (if applicable). Thus "n ip (x; x ′ ) is always positive for
independent bosons and always negative for independent fermions.
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3.6 Exchange and correlation

There are stringent conditions on the exchange hole: (1) it can never be positive,
!n x (r, σ ; r′ , σ ′ ) ≤ 0 (which means that g x (r, σ ; r′ , σ ′ ) ≤ 1), and (2) the integral of the
exchange hole density !n x (r, σ ; r′ , σ ′ ) over all r′ is exactly one missing electron per electron at any point r. This is a consequence of the fact that if one electron is at r, then that same
electron cannot also be at r′ . It also follows directly from (3.54), as shown in Exercise 3.12.
The exchange energy, the last term in (3.44), can be interpreted as the lowering of the energy
due to each electron interacting with its positive exchange hole,
$
$
!
"
!n x (r, σ ; r′ , σ ′ )
1#
E x = ⟨V̂int ⟩ − E Hartree (n ) HFA =
d3 r d 3 r ′
. (3.57)
2 σ
|r − r′ |

In this form it is clear that the exchange energy cancels the unphysical self-interaction term
in the Hartree energy.
The simplest example of an exchange hole is a one electron problem, such as the hydrogen
atom. There is, of course, no real “exchange” nor any issue of the Pauli exclusion principle,
and it is easy to see that the “exchange hole” is exactly the electron density. Its integral is
unity, as required by the sum rule, and the exchange energy cancels the spurious Hartree
term. Because of this cancellation, the Hartree–Fock equation (3.45) correctly reduces to
the usual Schrödinger equation for one electron in an external potential.
The next more complex case is a two-electron singlet such as the ground state of He. In
this case (see Exercise 3.16) the two spins have identical spatial orbitals and the exchange
term is minus one-half the Hartree term in the Hartree–Fock equation (3.44), so that the
Hartree–Fock equation (3.45) simplifies to a Hartree–like equation of the form of (3.36)
with Veff a sum of the external (nuclear) potential plus one-half the Hartree potential.9
For systems with many electrons the exchange hole must be calculated numerically,
except for special cases. The most relevant for us is the homogeneous gas considered in the
following section.
Beyond Hartree–Fock: correlation
The energy of a state of many electrons in the Hartree–Fock approximation (3.44) is the
best possible wavefunction made from a single determinant (or a sum of a few determinants
in multi-reference Hartree–Fock [247] needed for degenerate cases). Improvement of the
wavefunction to include correlation introduces extra degrees of freedom in the wavefunction
and therefore always lowers the energy for any state, ground or excited, by a theorem often
attributed to MacDonald [264]. The lowering of the energy is termed the “correlation energy”
Ec .
This is not the only possible definition of E c , which could also be defined as the difference
from some other reference state. The definition in terms of the difference from Hartree–
Fock is a well-defined choice in the sense that it leads to the smallest possible magnitude of
E c , since E HFA is the lowest possible energy neglecting correlation. Another well-defined
9

This is exactly what D. R. Hartree did in his pioneering work [43]; however, his approach of subtracting a
self-term for each electron is not the same as the more proper Hartree–Fock theory for more than two electrons.

0ELDBE8
EC II , LLL :8C9
8 8 B89B 8I II , LLL :8C9
E

:E

E

:E
I C

9 8 E 18L8
II , E E

1C 8 562
/.4

76

ED

8I

,

,&

9A :I IE I

/8C9

/E

I C E

68

Theoretical background

choice arises naturally in density functional theory, where E c is also defined as the difference
between the exact energy and the energy of an uncorrelated state as (3.44), but with the
difference that the orbitals are required to give the exact density (see Sec. 3.2 and Ch. 7). In
many practical cases this distinction appears not to be of great importance; nevertheless, it is
essential to define the energies properly, especially as electronic structure methods become
more and more powerful in their ability to calculate effects of correlation.
The effects of correlation can be cast in terms of the remaining part of the pair correlation
function beyond exchange n c (r, σ ; r′ , σ ′ ) defined in terms of (3.50) and (3.51) by
"n(r, σ ; r′ , σ ′ ) ≡ n xc (r, σ ; r′ , σ ′ ) = n x (r, σ ; r′ , σ ′ ) + n c (r, σ ; r′ , σ ′ ).

(3.58)

Since the entire exchange–correlation hole obeys the sum rule that it integrates to 1, the
correlation hole n c (r, σ ; r′ , σ ′ ) must integrate to zero, i.e. it merely redistributes the density
of the hole. In general, correlation is most important for electrons of opposite spin, since
electrons of the same spin are automatically kept apart by the exclusion principle. For the
ground state the correlation energy is always negative and any approximation should be
negative. Excited states involve energy differences from the ground state, e.g. an exciton
energy. Depending upon the effects of correlation in the two states, the difference can be
positive or negative.
The correlation energy is more complicated to calculate than the exchange energy because
correlation affects both kinetic and potential energies. Both effects can be taken into account
by a “coupling constant integration” using the methods of Sec. 3.3. Although it is not the
goal in this volume to delve into the theory of interacting systems, selected results are
given in the chapters on the homogeneous gas, Ch. 5, and density functional theory (see
especially Ch. 7) since present-day electronic structure theory strives to incorporate some
approximation for the correlation energy in realistic calculations.

3.7 Perturbation theory and the “2n + 1 theorem”
0

Perturbation theory describes the properties of a system with hamiltonian Ĥ + λ" Ĥ as a
systematic expansion in powers of the perturbation, which is conveniently done by organizing terms in powers of λ. The first order expressions depend only upon the unperturbed
wavefunctions and " Ĥ to first-order and have already been given as the force or “generalized force” in Sec. 3.3. To higher order one must determine the variation in the wavefunction.
The general form valid in a many-body system can be written in terms of a sum over the
excited states of the unperturbed hamiltonian [11, 265, 266],
"$i ({ri }) =

!
j̸=i

$ j ({ri })

⟨$ j |" Ĥ |$i ⟩
.
Ei − E j

(3.59)

The change in the expectation value of an operator Ô in the perturbed ground state can be
cast in the form
!
! ⟨$i | Ô|$ j ⟩⟨$ j |" Ĥ |$i ⟩
"⟨ Ô⟩ =
⟨"$ j | Ô|$i ⟩ + c.c. =
+ c.c., (3.60)
Ei − E j
j̸=i
j̸=i
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GPW (GAPW) electronic
structure calculations
Marcella Iannuzzi
Department of Chemistry, University of Zurich

http://www.cp2k.org

Hohenberg-Kohn theorems
Theorem I

Density functional theory
Bloch theorem / supercells

Motivation
History
Kohn-Sham method

History of DFT — II

Given a potential, one obtains the wave functions via Schrödinger equation

Vext (r, R) ) H(r, R) = T (r) + Vext (r, R) + Vee (r)

Walter Kohn

H(r, R) (r, R) = E(R) (r, R)
Walter Kohn
DFT essentials

The density is the probability distribution of the wave functions

n(r) , Vext (r, R)
the potential and hence also the total energy are
unique functional of the electronic density n(r)
4

CECAM NMR/EPR tutorial 2013

HK Total energy
Theorem II: The total energy is variational

E[n]

E[nGS ]

Etot [n] = Ekin [n] + Eext [n] + EH [n] + Exc [n]
Ekin QM kinetic energy of electron (TF)
Eext energy due to external potential
EH classical Hartree repulsion
Exc non classical Coulomb energy: el. correlation

5

Kohn-Sham: non-interacting
electrons
Electronic density

n(r) =

X
i

fi | i (r)|

2
no repulsion

Kinetic energy of non interacting electrons

Ts [n] =

X
i

fi

⌧

i (r)|

1 2
r | i (r)
2

Electronic interaction with the external potential

Eext [n] =

Exact solution

Z

n(r)Vext (r)dr

Vext (r) =

r

X
I

s

1
= p det [
N!
6

1

2

ZI
|r RI |
3 ... N ]

KS Equations
Orthonormality constraint

⌦KS [ i ] = EKS [n]

︸

X

✏ij

ij

Z

⇤
i (r) j (r)dr

Lagrange multipliers

⌦KS [ i ]

Variational search in the space of orbitals

⇤
i

HKS

i

=



1 2
r + VKS
2

i

=

X

✏ij

ij

VKS (r) = Vext (r) + VH (r) + VXC (r)
8

j

=0

KS energy functional
Classical e-e repulsion

1
J[n] =
2

Z Z
r

0

r0

n(r)n(r )
1
0
drdr =
0
|r r |
2

Z

n(r)VH (r)dr
r

Kohn-Sham functional

EKS [n] = Ts [n] + Eext [n] + J[n] + EXC [n]
EXC [n] = Ekin [n]

︸

Ts [n] + Eee [n]

J[n]

non-classical part
7

KS Equations
𝝐ij diagonal



1 2
r + VKS (r)
2

i (r)

= ✏i

i (r)

KS equations looking like Schrödinger equations
coupled and highly non linear
Self consistent solution required
𝝐 and ψ are help variables
KS scheme in principle exact (Exc?)

9

Self-consistency
ninit

Generate a starting density
Generate the KS potential
Solve the KS equations
Calculate the new density
New KS potential

n2

Input
3D Coordinates
of atomic nuclei

VKSinit

𝝐 , ψ
n1

Initial Guess
Molecular Orbitals
(1-electron vectors)

VKS1

New orbitals and energies
New density

SCF Method

Fock Matrix
Calculation

Fock Matrix
Diagonalization

𝝐1 , ψ
Calculate
Properties

Yes

End

…..
until self-consistency10to required precision

SCF
Converged?

No

Basis Set Representation
KS matrix formulation when the wavefunction is expanded into a basis
System size {Nel, M}, P [MxM], C [MxN]

⇥i (r) =

C

n(r) =

i

(r)

fi C i C⇥i
i

(r)

⇥ (r)

=

⇥

P = PSP

P
⇥

⇥

(r)

⇥ (r)

Variational
principle
Constrained
minimisation
problem

KS total energy

E[{ i }] = T [{ i }] + E ext [n] + E H [n] + E XC [n] + E II
Matrix formulation of the KS equations

K(C)C = T(C) + Vext (C) + EH (C) + Exc (C) = SC
11

Critical Tasks
Construction of the Kohn-Sham matrix
Hartree potential
XC potential
HF/exact exchange

Introduction
Energy minimization and sparseness function
Time reversible BOMD
Summary

Why are O(N) methods so

Fast and robust minimisation of the
energy
With
conventional SCF method
functional

only small gains in capability du
computational time with system

Efficient calculation of the density matrix
and construction of the MOs (C)
O(N) scaling in basis set size
Big systems: biomolecules, interfaces, material science
1000+ atoms
Long time scale: 1 ps = 1000 MD steps, processes
several ps a day
12

Classes of Basis Sets
Extended basis sets, PW : condensed matter
Localised basis sets centred at atomic positions, GTO

Idea of GPW: auxiliary basis set to represent the density

Mixed (GTO+PW) to take best of two worlds, GPW: over-completeness
Augmented basis set, GAPW: separated hard and soft density domains

13

GPW Ingredients
linear scaling KS matrix computation for GTO

Gaussian basis sets (many terms analytic)

⇥i (r) =

C

i

(r)

↵ (r) =

X

dm↵ gm (r)

gm (r) = xmx y my z mz e

↵m r 2

m

Pseudo potentials
Plane waves auxiliary basis for Coulomb integrals
Regular grids and FFT for the density
Sparse matrices (KS and P)
Efficient screening
G. Lippert et al, Molecular Physics, 92, 477, 1997
J. VandeVondele et al, Comp. Phys. Comm.,167 (2), 103, 2005

14

cs Simulations

ices

Gaussian Basis Set
Localised, atom-position dependent GTO basis
µ (r)

=

dmµ gm (r)
m

Towards Linear Scaling

HF/Exact Exchange

Summary

Acknowledgment

Expansion of the density using the density matrix

n(r) =

matrices
are rather
sparse
Operator
matrices
are sparse

Pµ

µ (r)

(r)

Gaussian basis:
The sparsity of H and S

µ

Z β (r )dr
S αβ=∫ ϕ α (r)ϕ

µ (r)'
⌫ (r)dr
H αSβµ⌫
=∫=
ϕα (r )'
v(r)ϕ
β (r)dr

The sparsity pattern of S and H
depends on the
Z basis and the
spatial location of the atoms, but not
Hµ⌫
= properties
'µ (r)V (r)'
on the
chemical
of the⌫ (r)dr
system in GGA DFT.

tease-DMP323 complex in solution (3200 atoms)

ϕβ (r)

ϕα (r)

S αβ
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cp2k extended talk

•Matt Watkins (King’s College) https://mattatlincoln.github.io/talks/
cp2k_summerschool_2018/index.html

•Lianheng Tong (King’s College) File Lianheng_SCF.pdf

Basis set corrections:

•Prof. Sherrill small paper (pdf in the repository)

Basis-set superposition error (BSSE)

•When studying weakly bound systems, one often encounters an artificial
strengthening of intermolecular interactions

•Such problems, named “basis set superposition errors (BSSEs) are more
pronounced for smaller basis sets.

•As monomer A approaches monomer B, the dimer can be artificially stabilized as
monomer A utilises extra basis functions from monomer B and vice versa.

•The error arises from the inconsistent treatment of the monomers:

where superscripts basis used, subscripts the geometry, in parenthesis is the
chemical system.
In this first part of the description, the geometry of A and B do not change upon
complexation. Thus the term “interaction” energy.

Counterpoise correction (Boys+Bernardi 1970)

•The first attempt to correct is to estimate the amount by which the monomer A is
stabilised by the extra basis functions from monomer B, and viceversa.

•With this correction, the interaction energy results:

•One places all the basis functions of monomer B on the

atomic enters of monomer B while neglecting
electrons+nuclei of monomer B. Such basis functions
are thus referred to as : “ghost functions” and the atoms
on B in this calculation as “ghost atoms”.

Otyepka et al., 2016

Including deformations

•We now consider the common case that the geometry of A and B change

significantly upon complexation. W e now write the uncorrected quantity as
“binding” energy, assuming that A and B have different geometries when
separated with respect to when they are in the complex:

•And now all corrections are applied with A and B in the geometry that they have
in the complex “AB”

•We now write the uncorrected quantity as “binding” energy, assuming that A and

B have different geometries when separated with respect to when they are in the
complex (note that eq. 10 in the pdf of Sherill is wrong!)
AB
EBSSE (A) = EAB
(A)

A
EAB
(A),

AB
EBSSE (B) = EAB
(B)

B
EAB
(B)

•and subtracting this from the binding energy:
and we introduce a definition of “deformation” energy, to add to “interaction” energy, the latter
corrected via counterpoise term.

Treatment of long range Coulomb interactions
(classical or DFT)

Charge density

•Nuclear charge density: point charges
•Electronic charge density (Quantum mechanics): wavefunction

Electrostatics in force fields

•Non-bonded interactions are usually classified into two groups:
•Short-range: covalent and non-bonded of the dispersion or repulsion type

•Long-range: in a classical force field the long-range residual of quantum
electrostatic interaction.

ECoulomb ({rij } ; {qi ; qj }) =

N X
N
X
i

j>i

1
4⇥

0

qi qj
1 rij

Strength of non-bonded forces (starting from the strongest)

•Ionic interactions

•Hydrogen bonds

•Dipole-dipole interactions

•van der Waals

Coulomb’s law

•Opposite charges attract one another

•Potential energy in a medium with a relative permittivity ε

1

ECoulomb ({rij } ; {qi ; qj }) =

N X
N
X
i

j>i

:

1
4⇥

0

qi qj
1 rij

In atomic units (cp2k)

Hydrogen bonds between cytosine and guanine

Fractional charges

•They reproduce the electrostatic “behavior” of the molecule

Moments of the distribution

Multipole expansion

•It is based on the expansion of (r-r’) for large r/r’.

Distributed multipoles vs. partial charges

•It is possible to describe the charge density in a molecule and its electrostatic
potential using a multipole distribution along the molecule

•One can have a central multipole expansion (MPE) where the interaction

centers are located at the center of mass or a distributed multipole expansion
(DME), where point charges, dipoles, quadrupoles... are distributed throughout
the molecule

•DME is very accurate but difficult to implement (charge overlap effects
neglected, orientation dependent, presence of torques...)

Partial charge model

•Most Force Fields (FF) rely on the partial charge model
•Charges can be located off center for a more accurate
description

•The definition is somewhat arbitrary
•There are different ways to determine the distribution

Example: ESP (ElectroStatic Potential derived) charges

How to choose Rα ? Uniformly distributed within a
shell between two molecular surfaces beyond van
der Waals radii

Definition of the molecular surface

Molecular vibrations
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Infrared spectroscopy

An example from real experiments
(Jan Prinz, Empa)

Probing molecule-surface interactions
using CO as a test molecule

Adsorption of a small molecule on the surface of an
intermetallic PdGa
compound
!
What are the adsorption sites on the PdGa:B
(111)Pd3 and PdGa:B(111)Pd1 surfaces?
!
Pd/Ga site?!
!
Hollow/bridge/top site?!

A note on units
The electromagnetic spectrum is composed of energy that may behave both as a particle and as a
wave.
When we describe this energy as a particle, we use the word photon.
When we describe this energy as a wave, we use the terms frequency (v) and wavelength (λ).
Frequency is the number of wave troughs that pass a given point in a second and wavelength is
the distance from one crest of a wave to an adjacent crest. Frequency and wavelength are
inversely related, according to the equation E = hv = hc / λ.
Therefore, as frequency increases, wavelength decreases.
When we discuss IR spectroscopy, we introduce a new unit of measurement called the
wavenumber (ν̅=ν/c).
The wavenumber is the number of waves in one centimeter and has the units of reciprocal
centimeters (cm-1 ).
Since the wavenumber is inversely proportional to wavelength, it is directly proportional to
frequency and energy which makes it more convenient to use
The historical reason for using this spectroscopic wavenumber rather than frequency is that it
proved to be convenient in the measurement of atomic spectra: the spectroscopic wavenumber is
the reciprocal of the wavelength of light in vacuum which remains essentially the same in air, and
so the spectroscopic wavenumber is directly related to the angles of light scattered
from diffraction gratings and the distance between fringes in interferometers, when those
instruments are operated in air or vacuum. Such wavenumbers were first used in the calculations
of Johannes Rydberg in the 1880s.

Spectroscopies

•Methods to study the properties of matter (atoms, molecules and solids) by

investigating its interactions with particles (photos, electrons, neutrons, ions).

•We consider here today and next time in particular infrared and ultraviolet
(UV) spectroscopy: interaction of photons with matter.

Infrared spectrum

Examples: IR

Mohammad J Jafari, Linköping University, PhD thesis

(diatomic molecule)

Probing molecule-surface interactions
using CO as a test molecule

What are the adsorption sites on the
PdGa:B(111)Pd3 and PdGa:B(111)Pd1
surfaces?
Pd/Ga site?
Hollow/bridge/top site?

1 nm

FTIR (Fourier Transform Infrared Spectroscopy)
RAIRS (Reflection Absorption Infrared Spectroscopy)
Wavelengths that coincide with
vibrational modes of the molecular dipole
are absorbed.

δδ+

Absorption [arb. u.]

-3

10
8
6
4
2

…

…

The energy of a
vibrational mode depends
on the binding
conformation of the
molecule to the surface.
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Identification of CO adsorption sites by STM:
PdGa:B(111)Pd3

4x4 nm, -1 V, 35 nA

Adsorption on the Pd3 trimer

PdGa:B(111)Pd1

4x4 nm, -30 mV, 2 nA

Top site adsorption of CO on Pd1
surface atom

Extracting bond strength: infrared spectroscopy

The absorption wavenumber for a stretching vibration is related to both the
force constant k between the two atoms and the mass of the two atoms (m1 and
m2) by Hooke's law:

From this relationship, two important trends in the wavenumber for stretching
vibrations can be deduced.
1.As the bond strength increases, the wavenumber increases. For example:

2.As the mass of one of the two atoms in the bond increases, the wavenumber
decreases (assuming the change in bond strength is relatively small). For
example,

!
!

Comparison to CO/Pd(111)
literature data!

Atomic structure vs. molecular vibrations

•The presence of certain functional groups can easily be tested through
vibrational spectroscopy

•Vibrations in a molecule are not directly visible
•Different techniques to investigate them
•Two primary examples: IR (infrared radiation) and RAMAN (inelastic
scattering of usually visible light)

Theoretical determination of vibrational spectrum

•Calculation of vibrational normal modes in harmonic approximation
(diagonalization of the dynamical matrix)

•It neglets anharmonicities and needs correction
•One selection rule that influences the intensity of infrared absorptions, is that a
change in dipole moment should occur for a vibration to absorb infrared
energy

•Intensities for IR (and Raman) are obtained from the derivatives of the dipole
moment and polarizability, along the normal mode vectors in such static
calculation

•Problem in condensed phase: Static calculations need to be started from an
optimized minimum of the PES: molecules in the gas phase

•ALTERNATIVE: Averages from (ab initio) molecular dynamics

Normal modes calculation
Let us suppose that the potential energy of the system V, function of the N
cartesian coordinate vector r={ri} has a minimum for r0={ri0}. For simplicity we
now stay on a one-dimensional notation: ri (i=1..N)—> xi (i=1..3N) We introduce
then mass weighted coordinates

…and expand the potential up to second order around the minimum, neglecting
higher order terms, by deriving with respect to mass weighted coordinates.
The Lagrangian of the system becomes (first derivative is zero)
3N

3N

1 X ˙2
L=
⇠
2 1 i

1X
2 i,j

✓

@2V
@⇠i @⇠j

◆

⇠i ⇠j
0

and applying the equations of motion, setting the mass-weighted Hessian as kij,
we obtain
⇠¨ +

3N
X
k

kik ⇠k = 0

Solution and diagonalization
Given the form of the equations, we look for solutions in the form:

⇠k (t) = Ak exp(i!t)
where Ak still have to be determined. Substituting we obtain 3N equations:
X

( !2

ik

+ kik )Ak = 0

k

In order to obtain nontrivial solutions, the determinant of the coefficients needs
to be zero:

!2

kik

ik

=0

Now we obtain eigenvalues ωj Substituting each of them in the above system of
equations, we find eigenvectors Aj for the problem. This defines the normal
modes Θk of the system (which are orthogonal), so that
⇥k (t) = bk cos(!k t + k )
X
⇠j =
Ajk ⇥k (t)
k

Lagrangian in normal mode coordinates
In normal mode (mass-scaled) coordinates, the Lagrangian is written as:

1 X⇣ ˙ 2
L=
⇥k
2 1
3N

!k2 ⇥2k

⌘

which, being separable, corresponds to a sum of unidimensional oscillation with
one of the frequencies ωj

Vibrational analysis in standard quantum chemistry

•Example of normal modes: carbon dioxide

•In general linear molecules have 3N-5 normal modes (three for the center of
mass translation, two rotational angles); non-linear molecules: 3N-6 normal
modes
Harmonic oscillator: we need to obtain the unknown force constant from the
potential. Hooke’s law:

•

F =

dV
=
dx

kx ! V =

1 2
kx
2

•Newton’s law:
d2 x
m 2 =
dt

kx ! x(t) = A sin(2⇡⌫t)

•Double derivation with respect to t gives:
4⇡ 2 ⌫ 2 mx =

kx

Normal mode analysis

•Specify coordinates of each atom and the differences to the equilibrium
positions:

•Use classical or ab initio is used to compute V as a function of the coordinates…
and thus second derivatives as a function of the displacement

V (x1 , y1 , z1 , x2 , y2 , z2 , . . . , xN , yN , zN )

•We sample the change in the forces as we move the different atoms in different
directions:

Hessian diagonalization

•The complete list of the force constants is called the Hessian:

•Let us consider a linear molecule and only vibrations along the axis
(symmetric and antisymmetric stretching modes):

Hessian diagonalization

•Setting mass-weighted coordinates
•Matrix form:

•The eigenvalues are the negative of the squared normal mode frequencies
•The eigenvectors are the mass-weighted coordinated displacements

In quantum mechanics…

•Vibrations are quantised along each mode. The fundamental frequency is the

one obtained by the classical analysis… but the energy levels and eigenvectors
for each mode are given by the Schrödinger equation (Hn are Hermite
polynomials)

Note on energy

•If a certain normal mode has a certain energy, then E~k A^2 with A maximum
amplitude of an oscillation.

•If all modes have the same energy (energy equipartition) it follows that the
amplitude is inversely proportional to the eigenfrequency and inversely
proportional to the square root of the reduced mass m.

•So in order to obtain a spectrum with the same intensity in the each mode, we
need to rescale the spectrum accordingly.

IR spectroscopy

•In an IR spectroscopy experiment we introduce light, an electromagnetic wave,

which interacts with a molecule by disturbing the local electric field EF. The
energy of the photon must match the difference in energy between two vibrational
states.

•The strength of the absorption depends on the initial and final state, and on the
dipole moment of the molecule

•The dipole moment is modified during the vibration: Taylor expanding around
equilibrium…

•For small vibrations, we keep the first order and we note that the transition

between states will depend on the derivative of the dipole moment (the first
term is zero for state orthonormality)

Autocorrelation functions

•All vibrational spectra calculated from molecular dynamics simulation are
based on the Fourier transform of certain autocorrelation functions:

•power spectra --> particle velocities
•IR spectra --> molecular dipole moments
•Raman spectra --> molecular polarizabilities
•Wiener-Khintchine theorem:

connecting the autocorrelation in time domain with the Fourier transform.

Intensity of the peaks of the infrared spectrum

•In static calculations, the intensities of a mode are given by the square of the
derivative of the dipole moment along the normal coordinate of that mode

•In molecular dynamics, we should keep in mind that in harmonic approximation if
the run is well equilibrated, each oscillator contains the same amount of energy
(equipartition)

•The amplitude of a mode is inversely proportional to the eigenvalue frequency ω
and to the square root of the mass, so to obtain the same intensity for each
mode one should rescale the spectrum by ω2, which is formally equivalent (and
numerically more convenient) to correlating time derivatives (Fourier transform
properties).

•In the particular case of the infrared, we autocorrelate the derivative of the dipole
moment

Examples: methanol and acetone

Ewald sums
Autocorrelation functions (diffusion, IR)

Molecular and Materials Modelling (MMM)
Daniele Passerone
Empa, Swiss Federal Laboratories for Materials Science and Technology
daniele.passerone@empa.ch
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•Book: Chapter 6 of

https://onlinelibrary.wiley.com/doi/book/
10.1002/9780470164112
Schoen, M. & Klapp, S. in Rev. Comput. Chem. (Lipkowitz, K. & Cundari,
T.) 301–340 (John Wiley & Sons, Inc., 2007). doi:
10.1002/9780470164112.ch6

•Book: Frenkel-Smit, Understanding Molecular Simulation, Academic
Press

Long-range interactions

For interactions with range 1/rn, the
minimum image convention is no longer
valid.

Long-range interactions

Get the literature

•We want to avoid computing all pair interactions when simulating large
systems

•This is relevant for long-range interactions (Coulombic and dipolar potentials)
•For the latter, truncation of the potential is never allowed (decay equal or
slower than r -3)

•It can be shown indeed that if we truncate the potential at r , the contribution to
c

the tail can be estimated using

•which diverges unless u(r) decays faster than r

-3.

How to solve without truncations
Widely used techniques are:

•Ewald summation (scales as O(N ))
•Fast multipole methods, particularly for finite large systems (Appel, Greengard
3/2

and Rokhlin, can scale as O(N)), based on the idea of clustering the system
into bigger and bigger groups

•Particle-mesh-based techniques (example: particle-mesh Ewald: O(NlogN)).

Handles the Fourier part more efficiently: distributes charges on a mesh. In the
original formulation (Hockney and Eastwood) the charges of the systems are
interpolated on a grid, for a discretised Poisson’s equation, and Fast Fourier
Transform (FFT) is used.

Ewald sum method: splitting

1
f (r) 1
=
+
r
r

f (r)
r

•We choose f such as:
•the first part is negligible beyond a certain cutoff
•the second part is a slowly varying contribution and can be Fourier
transformed

•working with separate contributions works because of linearity of
electrostatics

Get the literature

Screened charge
⇤Gi (r) =

qi

⇣ ⌘ 32
⇥

exp

⇣

|r

ri |

2

⌘

•We surround each particle by a gaussian distribution charge of opposite sign
and width proportional to α.

•The electrostatic potential decays rapidly due to the presence of α.
(r) =

Z

dr

0 qi

(r0

ri ) + ⇥Gi (r)
|r r0 |

Compensating cloud

•We need a compensating term of opposite sign
•It is smoothly varying and periodic
•Can be treated effectively using a Fourier series
•It includes a spurious self-interaction term that must be removed

Example: square wave

Large-n coefficients: high-frequency behavior
Small-n coefficients: low-frequency behavior
For well-behaved functions only a limited number of bn are sufficient
(not the square wave case, because of the infinitely steep walls!)

Useful Fourier transforms

•Sine wave: delta function
•Derivative: multiplication by k
•Convolution: product
•Gaussian: gaussian with a

width which is “reciprocal” to
the original one: hence k
space called “reciprocal
space”

f (x) =

2⇥

exp



x2
2

fˆ(k) =

⇣

2⇥

⌘1/2

exp



k2
2

Compensating cloud Fourier transform:
determining the potential from the charge density

Compensating cloud Fourier transform

and, for k<>0,

If α is appropriately chosen, only a few terms of the series are sufficient.

The contribution at k=0 corresponds to the long-range limit and is treated in
different cases according to the boundary conditions. reduces to compute the limit:
Long Range (r)

= lim

k!0

F (k) exp(ık

· r)

Consider a finite (roughly spherical) array of image cells; surround them by a
continuum with some arbitrary dielectric constant.
If the surrounding is vacuum, metal or dielectric, a correction will or not be present
depending of the behavior of the spherical array at the interface with the continuum.
In a metallic medium case, the k=0 term is negligible. In case of a dielectric, a dipolar
term arises.

Back-transformation in real space

Energy contribution

THIS INCLUDES A SELF-INTERACTION THAT MUST BE CORRECTED

Self-interaction

•The interaction of the potential generated by the Gaussian distribution i with
the charge qi can be extracted from the Poisson equation:

•A first partial integration leads to:

•and a second partial integration:

Self-interaction
Computing at r=0

and summing over all sites:

we obtain a correction term which is independent of the configuration.

Short-ranged part
Calculation is performed in real space and is short ranged for large α.

Total Coulomb energy
COMPENSATING
CLOUD

SELF
INTERACTION

SHORT RANGE

k=0 (LONG
RANGE)

CHARGED
SYSTEM

The standard algorithm scales as O(N3/2)
Efficient modifications are available based on multigrids and fast Fourier transforms

Autocorrelation functions from MD

Simple statistical quantities to measure

We can consider the instantaneous value of a physical property A:
A(t) = f (r1 (t), . . . , rn (t), v1 (t), . . . , vn (t))
and obtain its average
NT
1 X
hAi =
A(t)
NT t=1

Trivial properties to be averaged are potential energy, kinetic energy, total
energy, temperature, caloric curve (see next lecture about melting).

Mean square displacement

•The mean square displacement of atoms in a simulation can be easily
computed by its definition:

D

MSD = |r(t)

r(0)|

2

E

•with average over all atoms; be careful about refolding.
•In particular this can be used to compute the diffusion coefficient D (in 3D)
1 D
D = lim
|r(t)
t!1 6t

r(0)|

2

E

Pressure

•Measurement of pressure in an MD simulation is based on the Clausius virial
function

W (r1 , . . . , rN ) =

N
X
i=1

ri · FiTOT

•and an external force (from the container) and an internal one (from
interatomic interactions) can be calculated.

•The final formula allows to estimate pressure from MD (virial equation):
P V = N kB T

1
D

*

N
X
i=1

ri · F i

+

MD simulation of water

•Typically, the O-H bond length and H-O-H angle are kept rigid and fixed to
experimental values:

•Interaction between two molecules: electrostatics + vdW

•Widely used TIP3P model (3 site) + flexibility of the angle and the O-H bonds:
Praprotnik et al. 2005

Get the paper

Self-diffusion of water

From: Frenkel-Smit

Get the chapter

From: Frenkel-Smit

Size effects

•It can be shown that the mean square displacement leads to a size effect

associated to periodic replica. This error can be corrected by computing the
viscosity (which is another correlation function, namely of the off diagonal
elements of the pressure tensor).

•In the exercise session we will have a system of 32 molecules so you can

imagine that we will be strongly underestimating. (the correction contains the
result of the Ewald summation including self-interaction, and the viscosity)

Get the paper

Infrared spectroscopy from ab initio MD

Infrared notes

Get the paper

In quantum mechanics…

•Vibrations are quantised along each mode. The fundamental frequency is the

one obtained by the classical analysis… but the energy levels and eigenvectors
for each mode are given by the Schrödinger equation (Hn are Hermite
polynomials)

Note on energy

•If a certain normal mode has a certain energy, then E~k A^2 with A maximum
amplitude of an oscillation.

•If all modes have the same energy (energy equipartition) it follows that the
amplitude is inversely proportional to the eigenfrequency and inversely
proportional to the square root of the reduced mass m.

•So in order to obtain a spectrum with the same intensity in the each mode, we
need to rescale the spectrum accordingly.

IR spectroscopy

•In an IR spectroscopy experiment we introduce light, an electromagnetic wave,

which interacts with a molecule by disturbing the local electric field EF. The
energy of the photon must match the difference in energy between two vibrational
states.

•The strength of the absorption depends on the initial and final state, and on the
dipole moment of the molecule

•The dipole moment is modified during the vibration: Taylor expanding around
equilibrium…

•For small vibrations, we keep the first order and we note that the transition

between states will depend on the derivative of the dipole moment (the first
term is zero for state orthonormality)

Autocorrelation functions

•All vibrational spectra calculated from molecular dynamics simulation are
based on the Fourier transform of certain autocorrelation functions:

•power spectra --> particle velocities
•IR spectra --> molecular dipole moments
•Raman spectra --> molecular polarizabilities
•Wiener-Khintchine theorem:

connecting the autocorrelation in time domain with the Fourier transform.

Intensity of the peaks of the infrared spectrum

•In static calculations, the intensities of a mode are given by the square of the
derivative of the dipole moment along the normal coordinate of that mode

•In molecular dynamics, we should keep in mind that in harmonic approximation if
the run is well equilibrated, each oscillator contains the same amount of energy
(equipartition)

•The amplitude of a mode is inversely proportional to the eigenvalue frequency ω
and to the square root of the mass, so to obtain the same intensity for each
mode one should rescale the spectrum by ω2, which is formally equivalent (and
numerically more convenient) to correlating time derivatives (Fourier transform
properties).

•In the particular case of the infrared, we autocorrelate the derivative of the dipole
moment

Examples: methanol and acetone

Periodic systems and dipole moment

•In an atom or molecule (non periodic)

•But in a solid? Any definition based on the periodic charge of a polarized
dieletric is doomed to fail.

•Berry phase approach describes the dipole moment as a function of a
polarization current

•Wannier function approach has a unique recipe to localize the electronic
orbitals; their centers are used to compute the dipole moment

For faster MD (less accurate):
Density functional tight binding: DFTB
• DFTB is based on Density Functional Theory (DFT) but uses empirical approximations to improve the performance
whilst maintaining accuracy.

• The main approximation in the tight- binding approach is the replacement of the exact many-body Hamiltonian in DFT
with a parameterized Hamiltonian matrix. In the DFTB description pseudo atomic wave functions, written in terms of
Slater-type orbitals and spherical harmonics, are used to model the electron density.

• The orbital basis is fitted against DFT theory and then used to calculate the Hamiltonian and overlap matrix elements. The
DFTB approach uses approximations to expand the total energy of the DFT representation to the second order in charge
density and spin density fluctuations.

• The matrix elements do not fully describe the total energy of the system, the remaining part of the total energy
is included as a short-range repulsive term which can be described in terms of pair wise potentials between
atoms. The pair wise potentials are acquired through a fitting process.

• For systems where the balance of charges between pairs of atoms is very small, DFTB+ also uses self

consistent charge (SCC-DFTB)
to improve the description of the bond. In order to simplify the calculations, the SCC calculation is performed
on Mulliken charges rather than the potential and charge density

Solid vibrations
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Solids

•The study of the solid state is one of the most successful whereas the study of
the liquid state is one of the least successful. Why?

•Solids are arranged in a periodic lattice
•Liquids do not resist shear stress, solid do; amorphous solids resist but are not
periodic; glasses do not resist shear stress but only very slowly…

•The real characteristic of the solid that we exploit is periodicity
•You have done it in the band lectures

Heat capacity dilemma

•In a classical vision of atoms independently vibrating,

the heat capacity (derivative of
internal energy with respect to temperature at no work done) is constant (DulongPetit laws). Experiment shows that heat capacity goes to 0 like T3 at low T.

•If we quantise vibration with independent oscillations, we get that at low

temperature heat capacity goes to 0 (but too fast) and at high temperature gets
constant: Einstein model.

•When we introduce modes with different oscillation frequency quantised in a
box, we get the correct behaviour at high and low T (Debye model).

Einstein model

•Each atom behaves like three independent atomic oscillators

•The partition function and energy of each oscillator is:

•And for all atoms, deriving U with respect to T , times 3N:

•This goes too fast to zero at low T!

Thermally excited quantum number of harmonic
oscillator

•The energy of a single oscillator in the Einstein model is obtained starting with
the possible energies of this oscillator:

✏! =

✓

n+

1
2

◆

~! = ✏0! + n~!

•It can be shown that at a certain temperature T,
E1! = ✏0! + n̄~!
1
n̄ =
exp(~!/kT )

•…so vibrational modes obey Bose statistics.

1

Problems of Einstein’s model

•Heat capacity drops to zero too rapidly with T
•The frequency of oscillation of each mode does not depend on the spacing

between atoms —> the energy does not depend on volume —> the pressure is
zero (derivative of energy w.r.t. volume)

•In any realistic model of a solid the potential energy depends on the distance
between atoms.

•Now, the excitation from equilibrium (Ground state) that contribute more to the
heat capacity will be the ones with low energy E, since in this way exp(- E/kT)
will be bigger

•Starting from the ground state, imagine moving an atom toward the

neighbours. To minimise the energy of the excitation, we can imagine moving
the neighbouring atoms as well, only a bit differently. And so on, obtaining a
long wavelength sound wave. These low frequency modes contribute most to
heat capacity

•We then look for a model where oscillations with different frequencies are
allowed

•We count these modes accordingly.

Beyond Einstein’s model: lattice vibrations

Quantum mechanical modes

•

Modes are quantised in units of ω where the fundamental frequency of each

mode is ω

•The Einstein model assumed that each oscillator has the same frequency
•Debye theory accounts for different possible modes (and therefore different ω)
•Modes with low ω will be excited at low temperatures and will contribute to the
heat capacity. Therefore heat capacity varies less abruptly at low T compared
with Einstein model.

•Modes at low frequency (long wavelength) obey the equation ω=cq with c
speed of sound and q wavenumber q=2π/λ. For each atoms we have in
solids three polarisations (one longitudinal - the true sound - and two
transverse), the lowest frequencies are given by longitudinal waves.

Debye model and quantisation: periodic solid

In 3D the periodicity leads to finite number of states

•We imagine a crystal with dimension L on each
side, so the modes are quantised in q-space
(reciprocal space)

qz
q

2⇡
l
L
l = l1 x̂ + l2 ŷ + l3 ẑ

~
q=

qy
qx

•We also know that ω=cq , so the density of
modes:

⇢(!)d! =

2π/L
2π/L

2π/L
q-state

3 ⇥ 4⇡V 2
12⇡V 2
q
(!)dq(!)
=
! d!
3
3
(2⇡c)
(2⇡c)

•This is valid for low-frequency, low-wavelength modes. But if T is small, the highfrequency modes will have a small number of excited modes, then it is good to
keep the form above when computing the heat capacity

Phonons

•At a given temperature, we populate the modes of the harmonic crystal with an average
degree of excitation, each has a quantized unit of energy ω, and is called PHONON: a

quasiparticle corresponding to a unit of excitation of a vibrational mode. The total thermal
energy is the product of the single phonon energy, times the number of phonons at a
frequency, integrated (using the density of phonons) over all frequencies (perfect gas of
Z 1
phonon quasiparticles):
Eth =

n̄(!)⇢(!)~!d!
0
Z
12⇡V ~ 1
! 3 d!
=
(2⇡c̄)3 0 exp(~!/kT )

1

/ T4

•(averaga sound velocity is introduced) and the heat capacity, its T derivative, has now the
required third power behaviour (that formula is valid for low temperatures!). At high
temperature, the Debye model predicts E=3NkT

•Imposing that the total number of modes is 3N allows to set a maximum frequency for the
phonons, and a Debye temperature, that makes the heat capacity curve universal:
Z !m
3N =
⇢(!)d!
0

!m = 2⇡c̄

✓

~!m = kTD

3N
4⇡V

◆1/3

Book/board: normal modes

•In the case of long wavelength acoustic waves that can be solved from

continuum mechanics, we always have the relationship typical of density
waves at sound velocity c: ω=cq.

•But in a crystal (see book/board) we keep into account the atomic vibrations
and relative displacements, and we can have other kinds of oscillations, in
phase, in anti phase and combinations. For example for a system with two
different atoms per unit cell (see exercise):

q

Density of states
q
The density of states will have peaks corresponding to zone boundaries, where a gap between the acoustic and optical
modes. Now, since

dq
1
⇢(!) /
= d!
d!
dq
it follows that the density of states is infinite at the edges of the gap. This gives rise to peaks in real substances.

ωE
Comparison between real density of states for
copper, Debye density of states, Einstein (delta)
density of states

Phonon animations

•https://henriquemiranda.github.io/phononwebsite/phonon.html

