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Sampling conformational space

•Next lectures: including temperature

•Monte Carlo simulation

•Molecular dynamics simulations

•Computing reaction rates and free energies with dedicated methods

•Today: finding transition states



Locating stationary points
A classical model of a physical system: 

a collection of atoms (nuclei) with positions and 
velocities, in some volume Ω with boundary 
conditions, that can evolve in time according to 
their interaction forces (molecular dynamics)

The potential is a function of atomic coordinates, 
that represents the potential energy of the 
system when it is in that specific configuration:

V (~r1,~r2, . . . ,~rN )

and the forces can be obtained by derivation (in presence of a conservation law of total 
energy); setting them to zero gives us maxima, minima and saddle points of the potential.

Fi = �@V (~r1,~r2, . . . ,~rN )

@ri
= 0 8i

(Drawing by Javier Varillas)

Such points correspond to stable, unstable or metastable configurations of the system



Van der Waals terms

•van der Waals interactions stem from induced dipole-induced dipole interaction, 
and, together with a repulsive part originating from Pauli repulsion, represent the 
nonelectrostatic part of the interaction between non-bonded atoms. The origin is 
purely quantum, and the modelization of this kind of interaction is a very active 
field also within the ab initio simulation community.

•Possible forms are:

•when we will face DFT and light absorption, we will discuss operative recipes to 
compute the coefficients
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Potential energy surface
It is the graph of the potential… problem: usually the number of variables is of order 3N… for 
visualisation and analysis purposes we draw cuts, projections, or we define global variables for the 
systems (gyration radius, other order parameters…)

This is a simple case as a function of two torsional angles of this molecule (Müller 
group, Bochum). All other coordinates are optimised to their equilibrium value. 

V (~r1,~r2, . . . ,~rN )



Dispersion forces

 1. They are long-range forces and, depending on the situation, can be effective from large distances 

(greater than 10 nm) down to interatomic spacings (about 0.2 nm). 

 2. These forces may be repulsive or attractive, and in general the dispersion force between two 

molecules or large particles does not follow a simple power law. 

 3. Dispersion forces not only bring molecules together but also tend to mutually align or orient them, 

though this orienting effect is usually weaker than with dipolar interactions. 

 4. Dispersion forces are not additive; that is the force between two bodies is affected by the presence 

of other bodies nearby. This is called the nonadditivity of an interaction.



“Classical” interpretation

Intuitive origin of dispersion forces:  
for a non-polar atom such as He, the time average of its dipole 
moment is zero.

 At any instant, however, there exists a finite dipole moment 
(instantaneous position of electrons).

 This generates an electric field. That polarises any neutral atom 
around , giving rise to a dipole moment. 

The resulting interaction leads to an attractive force with finite time 
average. 

Picture from:  Averill, Bruce A. and Eldredge, Patricia, Chemistry: Principles, Patterns, and Applications, http://onlinebooks.library.upenn.edu/webbin/book/lookupid?key=olbp60283

http://onlinebooks.library.upenn.edu/webbin/book/lookupid?key=olbp60283


Does it come close to the truth?

• Consider a Bohr model, namely one electron  orbiting around the nucleus at the Bohr radius a0 = 0.52918 Angstrom 
imposed by the De Broglie condition, namely that the orbit contains an integer number of wavelengths (quantum 
mechanics)

• Compute the instantaneous dipole and the corresponding interaction with the induced dipole of another atom, this 
gives (α is the polarizablity of the second atom)

• Using quantum mechanical perturbation theory, London found in 1937:

• while dispersion forces are quantum mechanical (in determining the instantaneous, but fluctuating, dipole moments of 
neutral atoms), the ensuing interaction is still essentially electrostatic—a sort of quantum mechanical polarization force. 
MORE DETAILS IN A FURTHER LECTURE



Lennard-Jones potential

•van der Waals interactions stem from induced dipole-induced dipole interaction, 
and, together with a repulsive part originating from Pauli repulsion, represent the 
nonelectrostatic part of the interaction between non-bonded atoms. The origin is 
purely quantum, and the modelization of this kind of interaction is a very active 
field also within the ab initio simulation community.

•Possible forms of the Lennard-Jones potential are:

•when we will face DFT and light absorption, we will discuss operative recipes to 
compute the coefficients
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Potential Energy Surface (PES): minima and transition states

The Potential Energy Surface describes the energy of the system as a function of the coordinates. It is in principle 
known as soon as the interaction  model is defined.  Marked are the points of zero gradient of the potential

H. B. Schlegel, Wayne State University

Fi = �@V (~r1,~r2, . . . ,~rN )

@ri
= 0 8i

w(ri-rj) is the pair potential

V (r1, . . . , rN ) =
X

i

X
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w (|ri � rj |)

THE CASE OF CENTRAL PAIRWISE INTERACTIONS

F(r) = F (r)r̂ F (r) = �dw(r)

dr



Methods to locate minima

• WITHOUT gradients: evaluate V on a grid of 
points, maybe in a clever way, and then locate 
the minimum value of V. Trivial but 
computationally intensive, 

• WITH gradients: 

• Steepest descent

• Non-linear conjugate gradient

• Broyden-Fletcher-Goldfarb-Shanno (BFGS)

• L-BFGS

• Such methods can be INSUFFICIENT to 
describe the thermodynamics of a system, for 
example if we are in a situation like (b), typical 
of molecules interacting with a solvent… next 
lectures: FREE ENERGY METHODS.



Potential energy surfaces in a complex system

• As a function of the coordinates, the interaction potential can show 
several local minima

• Such local minima are connected by transition states at various 
energies. Classically such transition states can be overcome by the 
system only if the total energy allows that

• Thus it makes sense to draw “disconnectivity graphs” for energy 
landscapes

• a, The 'weeping willow' results from a gentle funnel with large barriers.  
b, The 'palm tree' results from a steeper funnel with lower barriers. c, 
The 'banyan tree' results from a rough landscape.

• Problem of how to reach the global minimum of the PES

• Example of strategy: basin hopping method (Wales and Doye): the 
exploration of the PES is done in a modified energy landscape, where 
each basin of attraction has the constant energy of the corresponding 
local minimum 

Local minima are connected  
by transition states



Complex landscapes

• How many minima in a system with N atoms?

• Let us assume that the system with mN 
atoms can be divided into m equivalent 
independent subsystems of N atoms each. 
Then…

• If one subsystem is in a transition state, the 
global transition state will have all other 
m-1 subsystems in a minimum 

• This suggests that the ratio between 
number of transition states and number of 
minima increases linearly with N, in 
agreement with numerical results. 

D.J. Wales, Exploring Energy Landscapes, Annu. Rev. Phys. Chem. 69 (2018) 401–425. 
doi:10.1146/annurev-physchem-050317-021219.

https://doi.org/10.1146/annurev-physchem-050317-021219


Lennard-Jones clusters (see http://doye.chem.ox.ac.uk/research/clusters.html))

• Clusters are finite aggregates of atoms or molecules, which can contain from a few to 
tens of thousands of atoms or molecules, and so they provide a bridge between isolated 
atoms and molecules and bulk matter. 

• In this intermediate size regime it is particularly interesting to observe the emergence of 
properties that involve the collective behaviour of the atoms and molecules and to see 
how these properties evolve to the familiar bulk-like behaviour.

• LJ clusters are clusters of atoms interacting only via dispersion forces: typically, noble 
gas atoms (He) Ar, Ne, Kr, Xe, Rn

• They can be observed experimentally, and they are IDEAL for testing algorithms for exploring energy surfaces: only 
pairwise interaction, growing complexity of the PES, rich thermodynamics….

• Given the kind interaction, all properties of (say) Ar clusters are basically the same for Ne, Kr, Xe… upon rescaling of 
lengths and energies. THIS IS AN APPROXIMATION (rather valid in this case). 

• For this reason, a cluster of N argon atoms is called in the computational community: LJ-N cluster.

http://atomsinmotion.com/

http://doye.chem.ox.ac.uk/research/clusters.html
http://atomsinmotion.com/


Disconnectivity graphs

๏ To construct a potential energy disconnectivity graph from a connected 
set of local minima, we first choose an energy spacing, ΔV , and then 
determine how the minima are partitioned into subsets (superbasins) at 
threshold energies V0,V0+ΔV,V0+2ΔV,…. 

๏ The subsets are groups of minima, which can interconvert via transition 
states that lie below the potential energy threshold. At sufficiently high 
energy, all the minima can interconvert without exceeding the threshold 
(unless there are infinite barriers) and there is a single superbasin.

๏  As we lower the threshold energy, the superbasins progressively split 
apart, and the disconnectivity graph follows this splitting by connecting 
subgroups to the parent superbasin at the threshold energy above. 

๏ Eventually, the superbasins split into individual local minima, which are 
represented by points at the corresponding potential energy on a vertical 
scale, connected to the parent superbasin at the closest superbasin 
energy above.

๏ Disconnectivity graph for the LJ13 cluster including 1467 local minima 
identified for this system.

๏ Inset: examples of  transition paths connecting adjacent minima. The 
height of the barrier can be connected to the transition rate that 
determines the kinetics of phase transformation: here MFPT= Mean first 
passage time E.F. Koslover, D.J. Wales, Comparison of double-ended transition state search 

methods, J. Chem. Phys. 127 (2007) 134102. doi:10.1063/1.2767621.

https://doi.org/10.1063/1.2767621


Disconnectivity graph for LJ38

• In this case, there are two 
competing morphologies 
separated by a high barrier, 
corresponding to an incomplete 
Mackay icosahedron and a 
truncated octahedron (fcc).

• Branches of the graph 
associated with minima based 
on the octahedron are coloured 
red.

Wales, D. J. Decoding the energy landscape: extracting structure, 
dynamics and thermodynamics. Philosophical Transactions of the Royal 
Society of London A: Mathematical, Physical and Engineering Sciences 

370, 2877–2899 (2012).



How to identify classes of structures: Steinhardt order parameters
• Steinhardt parameters measure 

the local order in the 
neighbourhood of an atom and 
are able to distinguish between 
solid and liquid structures as well 
as between different symmetries 
in ordered structures. 

• They are a function of the vectors 
joining neighbouring atoms 
(bonds). 

Wolfgang Lechner, University of Vienna 
https://homepage.univie.ac.at/wolfgang.lechner/nucleation.html

P. Steinhardt, D. Nelson, and M. Ronchetti, Phys. Rev. B 28, 784 (1983).



q4 in the LJ38 cluster

Along a transition pathway from 
the global minimum to an 



q6 along a transition path



Locating transition states



Transition states

By AimNature - Own workThis mathematical image was created with Mathematica., CC BY-SA 3.0, https://commons.wikimedia.org/w/index.php?curid=29227262



Methods to find transition states

• Global methods based on interpolation between reactants and products:

• Linear or quadratic synchronous transit

• Double-ended methods (NEB) see further

• Local methods based on the Hessian: they find exact or approximate 
Hessian and follow the direction with negative curvature up to the saddle 
point (eigenvector following): this can be very expensive (Hessian 
computation)

• Hill climbing, walking up valleys…

• Dimer method  
(slide: H. Kulik, MIT assistant professor)



Locating transition states: band methods

In chain-of-states methods, several images (or `states') of the system are connected together by a spring of a certain  spring 
constant to trace out a path. If the images are connected with springs of zero natural length and the object function is defined as 
(Elber and Karplus). Such function is minimized iteratively, until at convergence (step M), should pass through the transition 
state. Not only, but the path will be called “Minimum energy path” (MEP) being the the lowest-energy path connecting two 
minima on a potential energy surface. 

~RP�1(M)

~RP�1(0)

~R1(0)

~R1(M)
�~lj



Nudged elastic band (Jonsson)
Band methods can show corner cutting and 
other problems. 

The problem with corner cutting results from 
the component of the spring force which is 
perpendicular to the path and tends to pull 
images off the Minimum Energy Path. 



Another toy model to test the NEB (Jonsson et al.)

Heather Kulik, Assistant Professor at MIT



Possible problems in the NEB

• excessive rigid rotation: can be avoided with a robust algorithm providing the optimal 
counter-rotation  
 (H.C. Herbol, J. Stevenson, P. Clancy, Computational Implementation of Nudged Elastic Band, Rigid 
Rotation, and Corresponding Force Optimization, J. Chem. Theory Comput. 13 (2017) 3250–3259. doi:
10.1021/acs.jctc.7b00360.)

• Poor resolution around the transition 
state—> improved methods (see 
next slides)

https://doi.org/10.1021/acs.jctc.7b00360


Climbing-image NEB
• The original NEB algorithm:

Force made up by two parts

Orthogonal component of true force

Parallel component of spring force

• Climbing-image NEB identifies the highest energy, and then does not use 
spring force for that image, but moves up the potential energy surface along the 
elastic band and down the potential surface perpendicular to the band.

seeking for a “maximum” along the 
tangent and minimum orthogonally

• As long as the CI-NEB method 
converges, the climbing image 
will converge to the saddle point.

G. Henkelman, B.P. Uberuaga, H. Jónsson, A climbing image nudged elastic band 
method for finding saddle points and minimum energy paths, The Journal of Chemical 
Physics. 113 (2000) 9901–9904. doi:10.1063/1.1329672.

https://doi.org/10.1063/1.1329672


Improved tangent NEB
G. Henkelman, H. Jónsson, Improved tangent estimate in the nudged elastic band 
method for finding minimum energy paths and saddle points, J. Chem. Phys. 113 (2000) 
9978–9985. doi:10.1063/1.1323224.

• The original NEB algorithm:

requires the estimate of the tangent along the path, but this 
can develop non-converging kinks:

• the solution is to take the tangent from the adjacent image at higher 
energy. At an extreme, one takes a weighted average:

(at  an extremum)

and this improves convergence!

without IT-NEB

with IT-NEB

https://doi.org/10.1063/1.1323224


Doubly nudged elastic band (D-NEB)

Uses L-BFGS (limited memory BFGS), a variation of BFGS using low memory (see https://en.wikipedia.org/wiki/Limited-memory_BFGS)

S.A. Trygubenko, D.J. Wales, A Doubly Nudged Elastic Band 
Method for Finding Transition States, The Journal of Chemical 
Physics. 120 (2004) 2082–2094. doi:10.1063/1.1636455.

• In order to solve problem about non-equispaced images close to the 
transition state, corner-cutting and instabilities in the gradient, the method 
keeps a portion of the spring gradient orthogonal to the path

• The algorithm is optimised in the program OPTIM (http://www-
wales.ch.cam.ac.uk/OPTIM/) and allows to connect minima that are at large 
distances, by finding a succession of minimum-TS-minimum-TS… and 
further refining

• TS can be found and used as a starting point for local minimizations (local 
minima) and/or refined by eigenvector following

• The result can be a complex set of minima connecting two distant 
structures

https://en.wikipedia.org/wiki/Limited-memory_BFGS
https://doi.org/10.1063/1.1636455
http://www-wales.ch.cam.ac.uk/OPTIM/
http://www-wales.ch.cam.ac.uk/OPTIM/


Simulation with CP2K

30



High-throughput screening of nanomaterials 
■ Interplay with experiment/industry to define the problem 

■ Implement computer science-based workflows and data 
mining tools to automate calculations and inquiries 

■ Extract novel candidates for experiments and novel 
devices

31



Ma terials Sci ence & Technolog y

Zigzag Graphene Nanoribbons  
P. Ruffieux et al.    (in coll. with K. Müllen et al., MPI Mainz)
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Edge state characterization: experiment and theory  
STM-based manipulation onto NaCl

Synthesis 
on Au(111)

T1

T2

P. Ruffieux, S. Wang, B. Yang, C. Sánchez-Sánchez, J. Liu, T. Dienel, L. Talirz, 
P. Shinde, C. A. Pignedoli, D. Passerone, T. Dumslaff, X. Feng, K. Müllen, R. Fasel 
Nature 531, 489 (2016)

nc-AFM
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What is CP2K?

CP2K is a freely available (GPL) program, written in Fortran 2003, to perform atomistic and 
molecular simulations of solid state, liquid, molecular and biological systems. It provides a 

general framework for different methods: density functional theory (DFT) using a mixed 
Gaussian and plane waves approach (GPW) using LDA, GGA, MP2, or RPA level of theory, 
classical pair and many-body potentials, semi-empirical (AM1, PM3, MNDO, MNDOd, PM6) 

Hamiltonians, Quantum Mechanics/Molecular Mechanics (QM/MM) hybrid schemes relying on 
the Gaussian Expansion of the Electrostatic Potential (GEEP).

33

Science with CP2K



34



35



Bonus material: how to estimate binding energies from 
experiment

36



An example from real experiments 
(Jan Prinz, Empa)

Probing molecule-surface interactions 
using CO as a test molecule 

 
!What are the adsorption sites on the PdGa:B

(111)Pd3 and PdGa:B(111)Pd1 surfaces? 
!

Pd/Ga site?!
!

Hollow/bridge/top site? !

Adsorption of a small molecule on the surface 
of an intermetallic PdGa compound



!!

  

FTIR (Fourier Transform Infrared Spectroscopy)!
RAIRS (Reflection Absorption Infrared Spectroscopy)!

!-"
"
!+"

Wavelengths that coincide with vibrational 
modes of the molecular dipole are absorbed.!

The energy of a vibrational 
mode depends on the 
binding conformation of the 
molecule to the surface.!
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Extracting bond strength: infrared spectroscopy

The absorption wavenumber for a stretching vibration is related to both the force constant k 
between the two atoms  and the mass of the two atoms (m1 and m2) by Hooke's law:

From this relationship, two important trends in the wavenumber for stretching vibrations can 
be deduced.
1.As the bond strength increases, the wavenumber increases. For example:
 

2.As the mass of one of the two atoms in the bond increases, the wavenumber decreases 
(assuming the change in bond strength is relatively small). For example,
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!
Comparison to CO/Pd(111) 
literature data !
!


